
 
 
 EURASIA Journal of Mathematics, Science and Technology Education, 2019, 15(8), em1727 
  ISSN:1305-8223 (online) 
OPEN ACCESS Research Paper https://doi.org/10.29333/ejmste/106258  
 

 
© 2019 by the authors; licensee Modestum Ltd., UK. This article is an open access article distributed under the 
terms and conditions of the Creative Commons Attribution License (http://creativecommons.org/licenses/by/4.0/). 

 vborji@ub.edu vahid.borji65@gmail.com vahid.borji@mail.um.ac.ir (*Correspondence)   asanchezb@ub.edu  
 
 

An Exploratory Analysis of the Representations of Functions in 
the University Entrance Exam in Spain and Iran 

Vahid Borji 1,2*, Alicia Sánchez 1 
1 Department of Linguistic and Literary Education, and Teaching and Learning of Experimental Sciences and Mathematics, 

University of Barcelona, Catalonia, SPAIN 
2 Department of Applied Mathematics, Faculty of Mathematical Sciences, Ferdowsi University of Mashhad, IRAN 

Received 30 October 2018 ▪ Revised 22 January 2019 ▪ Accepted 6 February 2019 

 
ABSTRACT 
The University Entrance Exam (UEE) has an important impact on how math instructors 
teach mathematics to prepare students for this exam as well as how their students learn 
mathematics. Since the UEE is like a bridge between high school and university, its 
importance becomes twofold. However, research regarding this issue is very limited in 
mathematics education. The purpose of this research is to conduct an exploratory 
analysis of mathematics questions from the UEE in Spain and Iran from the point of 
view of representations of functions (i.e., algebraic, graphical, numerical and 
explanations with words). For this, the mathematics questions related to derivatives 
and integrals, which are two of the most important concepts in mathematics, from the 
last five years of the UEE in these two countries were considered to analyze them from 
the point of view of different representations. The results showed that most of the 
derivative and integral questions in the UEE in both countries were related to the 
algebraic representation. However, a very small percentage of the derivative and 
integral questions were related to the graphical and numerical representations and the 
relationships between the representations. At the end, suggestions to the curriculum 
planners and designers of mathematics questions of the UEEs are given. 

Keywords: university entrance exam, mathematics questions, representations, 
derivative, integral 

 

INTRODUCTION 
In many countries, after graduating from high school, in order to enter university, students must take part in the 
University Entrance Exam (UEE) (Farrokhi-Khajeh-Pasha, et al., 2012; Kim & Dembo, 2000; Koçkar & Gençöz, 2004; 
Konečný, Basl, Mysliveček, & Simonová, 2012; Kusayanagi, 2013; Zhang, 2016). Students need to get high marks in 
the UEE to get into popular universities and fields. The UEEs are very competitive, and a limited number of 
students can enter public universities each year. Topics/subjects covered in the UEE are topics/subjects that 
students have taken in the final years of high school. Depending on the field, the questions include mathematics, 
physics, chemistry, biology, etc. Students, in the last one or two years of high school, prepare themselves to 
participate in the UEE. Schools, institutions, and teachers also implement programs for the success of their students 
in the UEE. Many students, teachers, schools and educational institutions have got involved with the UEE. Sample 
questions of the previous years of the UEE are the sources that students refer to for problems to solve in order to 
be successful in the UEE. 

Mathematics is one of the most important subjects that are included in the UEE (Koçkar & Gençöz, 2004; 
Kusayanagi, 2013). Among the branches of Mathematics, the UEE has several questions about calculus, because of 
its importance both in high school and in university. Calculus questions of the UEE include concepts such as 
functions, limits, derivatives, and integrals. 
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Many studies (Bolden, Barmby, & Harries, 2013; Dreher & Kuntze, 2015; Kendal, & Stacey, 2003; Özmantar, 
Akkoç, Bingölbali, Demir, & Ergene, 2010) have pointed to the importance of understanding a mathematical 
concept through various types of representations (i.e., algebraic, graphical and numerical). The use of different 
representations is also considered as an indicator of mathematical quality by many authors (Beltrán-Pellicer, 
Godino, & Giacomone, 2018; Breda, Font, & Pino-Fan, 2018; Breda, Pino-Fan, & Font, 2017). Some researchers 
suggested that for students to achieve conceptual understanding of a mathematical concept, it might be better to 
learn that concept through a variety of representations and translations between those representations (Borji, 
Alamolhodaei, & Radmehr, 2018; Ronda, 2015). In calculus education, translations from one representation to 
another one are recommended for achieving a deep understanding of concepts such as derivative and integral 
(Borji, Font, Alamolhodaei, & Sánchez, 2018; Fuentealba, Sánchez-Matamoros, Badillo, & Trigueros, 2017).  

Some studies have shown that students in the first year of the university have difficulties with calculus concepts 
(Dominguez, Barniol, & Zavala, 2017; Hardy, 2009). Calculus students usually have acceptable performance in 
solving routine questions that are represented algebraically (Baker, Cooley, & Trigueros, 2000). Their difficulties 
begin when they see questions in the form of other representations, such as graphical and numerical representations 
(Baker, et al., 2000; Borji, Alamolhodaei, & Radmehr, 2018; Sahin, Erbas, & Yenmez, 2015). A number of students 
do not have a conceptual understanding of graphical and numerical representations of calculus concepts (Kendal 
& Stacey 2003). Students in the first year of the university have difficulty in understanding the relationship between 
different representations of a mathematical concept (Borji, Font, Alamolhodaei, & Sánchez, 2018; Dreher & Kuntze, 
2015). One of the reasons for these difficulties faced by students may be that they have not learned well the 
relationship between different representations of a calculus concept in the last years of high school (Mao, White, 
Sadler, & Sonnert, 2017). 

The importance of the UEE is very noticeable because it has a great impact on both the teaching of mathematics 
instructors and students’ learning. However, research in relation to the UEE in Mathematics Education is very 
scarce. In this research, the mathematical questions related to the derivative and the integral of the last five years 
of the UEE in both Spain and Iran were examined from the point of view of representations (algebraic, graphical, 
numerical, and explanatory). This study aims to explore in which type of representations are the input information 
of mathematics questions in the UEE. The derivative and the integral questions were chosen because the UEE in 
both countries includes these two concepts.  

The research question of this study is: How often the different representations appear in the mathematics questions of 
the UEE in Spain and Iran? 

THEORETICAL BACKGROUND 
In the theoretical background section, to frame this study, representations of mathematical concepts, the UEE 

in Spain and Iran, and the importance of the derivative and the integral concepts are described. 

Representations of Mathematical Concepts 
“The term representation refers both to process and to product” (National Council of Teachers of Mathematics, 

2000, p. 67). As a process, it refers to making in one’s mind a mental image of a mathematical concept. As a product, 
it refers to a physical form of that idea, such as a graph of a function, a symbolic expression, a table of numbers, or 
even explanations with words (Spangler, 2010). The idea of representation is important because the more ways a 
student can think about a mathematical concept, the better that student will learn the underlying mathematical 
concept (McAteer, 2012; Spangler, 2010).  

“Instructional programs from prekindergarten through grade 12 should enable all students to 
• create and use representations to organize, record, and communicate mathematical ideas;  
• select, apply, and translate among mathematical representations to solve problems;  

Contribution of this paper to the literature 

• This article conducts an exploratory analysis of mathematics questions from the University Entrance Exam  
(UEE) in Spain and Iran from the point of view of representations of functions. 

• The results showed that most of the derivative and integral questions in the UEE in both countries were 
related to the algebraic representation, and a very small percentage of the questions were related to the other 
representations and the relationships between them. 

• Suggestions to the curriculum planners and designers of mathematics questions of the UEEs are given. 
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• use representations to model and interpret physical, social, and mathematical phenomena.” (NCTM, 2000, 
p. 67). 

Many researchers (e.g., Baker, et al., 2000; Borji, Alamolhodaei, & Radmehr, 2018; Dreher & Kuntze, 2015; Goldin 
& Shteingold, 2001; Kendal & Stacey, 2003; Özmantar et al., 2010; Pape & Tchoshanov, 2001; Ronda, 2015) have 
explored the importance of representations in developing mathematical understanding. Goldin and Shteingold 
(2001) explained that representations (algebraic, graphical, numerical, and textual) are important for the learning 
of mathematical concepts because of the coherent structure contained within each representation. This coherent 
structure can constrain or shape learning. Furthermore, different representations of a mathematical concept 
emphasize different aspects of that concept, and so the deeper understanding of the concept comes from the full 
range of representations. Kaput (1992) highlighted that all aspects of a complex concept cannot be adequately 
represented within a single representation, and hence require different representations for their full expression. 

When one talks about representations, it is important and necessary to distinguish between external and 
internal representations. Internal representations are the mental representations which one has at a personal level 
of mental understanding, whereas external representations are symbols, graphs, numbers, words, diagrams, etc. 
(Davis, 1984; Pape & Tchoshanov, 2001). For a particular mathematical concept, both the external and internal 
representations may be similar, but not necessarily the same, because the internal ones are always personally 
derived. Shulman (1986) considered external representations to be part of teachers’ pedagogical content knowledge. 
He defined the external representations as “...analogies, illustrations, examples, explanations and demonstrations 
– in a word, the ways of representing and formulating the subject that make it comprehensible to others” (Shulman, 
1986, p. 9). Ball, Thames and Phelps (2008) also identified external representations as being part of the specialized 
content knowledge of mathematics unique to teaching. External representations also play an important role in the 
understanding of mathematics by students: “An important educational goal is for students to learn to use multiple 
forms of representation in communicating with one another” (Greeno, & Hall, 1997, p. 363). Researchers have 
highlighted the role that external representations play in connecting the abstract mathematics to the concrete 
experiences of students (Davis, 1984; Duval, 1999; Fennema, & Franke, 1992; Post, & Cramer, 1989). For the purposes 
of teaching mathematics, teachers should be concerned with external representations of mathematical concepts, 
which may help students to develop powerful and flexible ways of working with these concepts (Barmby, 
Bilsborough, Harries, & Higgins, 2009). 

Representations of mathematical concepts have an important impact on both in facilitating mathematics 
instructors’ understanding of pedagogical processes which, in turn, are involved in improving students’ 
understanding and in helping students understand to-be-learned concepts (Baker, et al., 2000; Dreher & Kuntze, 
2015; Kendal & Stacey, 2003; Özmantar et al., 2010; Pape & Tchoshanov, 2001; Park, 2016; Ronda, 2015). Teachers 
need to be able to teach a mathematical concept with a variety of representations as there is “no single most 
powerful form of representation” (Shulman, 1986, p. 9). Multiple representations can be designed in order to 
highlight particular properties and constrain interpretation of a mathematical concept (Ainsworth, 1999; Kaput, 
1992). Furthermore, multiple representations play an important role in the development of students’ mathematical 
learning: “They can be considered as useful tools for constructing understanding and for communicating 
information and understanding” (Greeno, & Hall, 1997, p. 362). Wood (1999) explained that conceptual 
understanding of a mathematical concept rests on a system of multiple representations. Lesh, Landau, and 
Hamilton (1983) stated that a learner understands a mathematical idea conceptually if he or she could move or 
translate between multiple representations. 

The UEE in Spain 
“Selectividad” is the popular name given to the Spanish university access tests, a written test taken by students 

after secondary school, necessary to get into public universities in Spain. Students usually take six 90 minutes 
written exams over normally four or five days in June or September. In Spain, the national government establishes 
the basic characteristics of the UEE (in Spanish, Evaluación del Bachillerato para el Acceso a la Universidad, EBAU); 
but the local administrations of each autonomous community, coordinated with the local universities and 
secondary schools, are responsible for designing the exams and guarantee that their content is in accordance with 
the baccalaureate curriculum. (LOE 2/2006, de 3 de mayo; RD 1892/2008, de 14 de noviembre; RD 558/2010, de 7 
de mayo; RD 310/2016, de 29 de julio; Orden ECD/42/2018, de 25 de enero).  

The aim of these exams is to valuate students’ capacity to start the University studies by assessing their 
knowledge of the baccalaureate subjects. There are two moments in a year when the UEE can be taken, in June or 
in September. The classes of the second course of baccalaureate end in May. If the students have passed all the 
subjects of their baccalaureate program, they can take the UEE in June. Otherwise, they have another opportunity 
to pass the subjects that they have failed at the beginning of September. If they pass the exams then, they can take 
the UEE in September. Most of the students that start a degree have passed the UEE (National Statistics Institute, 
2012). However, there are other ways to enter University (for instance, the entrance exams for people older than 25 
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that have not studied baccalaureate) that will not be discussed here. Also, private universities have their own tests 
to enter them. 

The UEE has changed over time, in the following lines we present a general description of its main 
characteristics currently (LOE 2/2006, de 3 de mayo; RD 1892/2008, de 14 de noviembre; RD 558/2010, de 7 de 
mayo; RD 310/2016, de 29 de julio; Orden ECD/42/2018, de 25 de enero). Nowadays, the UEE is divided into two 
phases: the general phase, which is compulsory for any student; and the specific phase, which is optional. In the 
general phase, students have to take the exams on 4 main subjects: Spanish, English (or the first foreign language), 
History, and a specialization subject (Mathematics II, Mathematics applied to Social Science, Latin or Art 
Foundations, depending on the baccalaureate program that students have taken). In the case of bilingual 
autonomous communities, the other official language (Catalan, Basque or Galician) is also included in the general 
phase. In the specific phase, students can choose up to four optional specialization subjects. There are several 
national baccalaureate programs: technical and scientific program, social scientific program, humanistic program, 
artistic program, etc. The specialization subjects are those that vary from one program to another. For example, not 
all the baccalaureate programs include Mathematics. In addition, there are two different subjects: Mathematics 
applied to Social Sciences, it corresponds to the social scientific program; and Mathematics II, studied in the 
technical and scientific program. 

The UEE qualification is combined with the baccalaureate qualification in order to get the final grade. The first 
part of the final grade (out of 10 points) is calculated as follows: the average grade of baccalaureate (out of 10 points) 
makes the 60%; and the average grade of the general phase of the UEE (out of 10 points) makes the 40%. Then, if 
the student had some exams in the specific phase, the two best results (over 10 points) are multiplied by 0’1 or 0’2, 
depending on the affinity of the subject and the university degree to which he or she wants to enter. This is the 
second part of the final grade (out of 4 points). These points are added to the first part of the final grade. Therefore, 
the maximum final grade is 14 points. Students choose several options for degrees and universities where they 
would like to study. They can select any Spanish university, not only those that are in the autonomous community 
where they did the UEE. At the same time, universities offer a number of places for each of its degrees. Then, 
students that choose the same option of degree and university compete with their final grades for a place in those 
studies. 

According to the RD 310/2016, de 29 de julio, all the tests of the UEE last 90 minutes and the maximum number 
of questions in each test is 15. In particular, the Mathematics II test includes some contents from several 
mathematical fields: Algebra (vectors, matrixes, systems of equations), Calculus (properties of functions, limits, 
derivative and integral), Analytic Geometry (equations of lines and planes, dot and cross products), and Probability 
(calculus of probability, binomial and normal distributions). Usually one or two multi-part questions are related to 
the derivative and the integral (LOE 2/2006, de 3 de mayo; RD 1892/2008, de 14 de noviembre; RD 558/2010, de 7 
de mayo; RD 310/2016, de 29 de julio; Orden ECD/42/2018, de 25 de enero). All the questions in the Mathematics 
II test are open questions and not only the final result is evaluated, the procedure to obtain the answer is considered 
as well. Students have to choose between two options of the test. Each option includes between 3 and 6 multi-part 
questions and in some regions students can also choose between the questions of the same option. For example, in 
Cataluña the test of the last year, 2017-2018, had 6 questions in each option and students had to choose 5 questions 
from the same option to answer them. Students can carry a scientific, non-graphic, non-programmable calculator 
for Mathematics II. 

The UEE in Iran 
The Iranian University Entrance Exam, known as Konkour, is a multiple choice test used as one of the means to 

gain admission to universities in Iran. In June each year, high school graduates in Iran take this exam seeking a 
place in one of the public universities (National Organization of Educational Testing, 2009). The competition is 
fierce and the exam content is rigorous, since top universities places are limited. Public universities are only able to 
accept a few percent of all applicants. The exam is so stringent that students in the three main groups of 
mathematical sciences, experimental sciences, and human sciences and two other groups of arts and foreign 
languages normally spend a whole year preparing for it. Those who fail are allowed to repeat the exam in 
subsequent years until they pass it. Students take a 4.5-hour multiple-choice exam over the course of one day in 
June. The exam covers common subjects (e.g., Persian language and literature, religion and life, English and Arabic 
languages) and specific subjects, depending on the field (for example, for mathematical and technical sciences it 
consists of Mathematics, Physics and Chemistry) which are taught in Iranian high schools (National Organization 
of Educational Testing, 2009; Research and Educational Planning Organization, 2013). The organizers of the UEE 
in Iran have considered using a “negative score system” to prevent students from answering randomly. In this case, 
a “negative score system” means that every three wrong answers will eliminate one of the correct answers. The 
percentage grade of the student’s performance in each subject is calculated using the following formula:  
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((3 ∗ The number of correct answers) − (The number of wrong answers)) 
3 ∗ Total number of questions

 

 The National Organization of Educational Testing has been established by the Iranian Ministry of Science, 
Research, and Technology to oversee all aspects of the exam. As the number of applicants to higher education 
increased and the universities and institutions related to higher education expanded, it was necessary to found a 
larger organization with specific tasks for the student selection, therefore the National Organization of Educational 
Testing is established to hold all the entrance exams to universities and higher educational institutions (National 
Organization of Educational Testing, 2009; Research and Educational Planning Organization, 2013).  

In the Iranian UEE for all groups/fields, especially for the group of mathematical and technical sciences, 
mathematics is one of the most important and essential subjects. In the UEE for mathematical and technical sciences, 
Mathematics has 55 questions as four options choice test. 85 minutes are considered for answering the mathematics 
questions. Questions include several topics such as calculus, geometry, analytic geometry and linear algebra, 
discrete mathematics, statistics and modeling, algebra and probability. Usually among 55 mathematics questions, 
10-13 questions are related to the derivative and the integral (Research and Educational Planning Organization, 
2013). 

Finally, student scores are calculated in all common and specific (elective) subjects. A grade and rank are 
assigned to his/her exam. In the final selection, 80% would be assigned to the student’s exam grade and 20% would 
be assigned to the student’s averages in some subjects of the last two years of high school. Based on the final score 
students earn, they have the opportunity to choose several field codes, by field code we mean a field in a university. 
The better student score, the higher the chance of admission to the popular universities. 

The Importance of the Derivative and the Integral 
Usually students learn the derivative and the integral as concepts for the first time in the high school. University 

students learn these concepts in calculus courses at a higher level. In addition to calculus, these two concepts are 
used in many other mathematical subjects such as differential equations, mathematical engineering, etc. Many other 
fields, including engineering, economics, chemistry, physics, etc., use these concepts in various applications. 

Mathematical questions related to derivatives can be presented in various representations (algebraic, graphical, 
numerical, and explanations with words) (Stewart, 2010). Questions related to the algebraic representation of the 
derivative are usually in the form of finding the derivative of an algebraic function. The questions related to the 
graphical representation of the derivative are usually presented in the form of sketching the graph of the derivative 
function from the graph of an initial function. Questions related to the numerical representations of the derivative 
can be presented in terms of finding the value of the derivative at a point via the values of a function that are given 
at points around that point. Derivative questions in relation to the explanations with words are usually presented 
as the application of the derivative in real world uses and optimization problems. These cases are just samples of 
the derivative questions from each representation. More examples are possible for any representation. 
Understanding and solving the derivative-related questions in their various representations and the translations 
between these representations is one of the challenges faced by calculus students (Badillo, Azcárate, & Font, 2011). 

Similar to derivatives, questions related to integrals can also be presented in various representations (Stewart, 
2010). Integral questions presented in algebraic representations are in the form of finding the integral of an algebraic 
function. Graphical representations of integral questions can be designed in the form of calculating the area under 
a graph. Numerical representations of the integral questions are presented as numerical data in the form of input-
output (usually in a table). These questions, for example, can ask students to estimate the distance traveled by a car 
using the Midpoint Rule via a table of the velocities of the car, which are read from its speedometer at regular 
intervals. Integral questions in relation to the explanations with words are usually being presented as the 
application of the integral in real world uses such as its application to physics and engineering (e.g., force due to 
water pressure and centers of mass). These are just samples of the integral questions from each representation. A 
large number of mathematical examples regarding the integral concept are possible for its different representations.  

Traditional teachings and exams of calculus focus on the algebraic representation of calculus concepts (e.g., 
derivatives and integrals) more than in other types of representations (Baker et al., 2000; Fuentealba, et al., 2017). A 
number of students have difficulties with the graphical and numerical representations of calculus concepts and the 
applications of these concepts in real-world uses, which can be considered to be the representations using 
explanations with words (Badillo et al., 2011). A growing body of research has explored students’ understanding 
of different representations of a mathematical concept as well as the importance and necessity of representations 
in instructors’ teaching, and in mathematics textbooks (Dreher & Kuntze, 2015; Goldin & Shteingold, 2001; Kendal 
& Stacey, 2003; Özmantar et al., 2010; Pape & Tchoshanov, 2001; Park, 2016; Ronda, 2015). None of these research 
studies have analyzed mathematics questions of the UEE from the point of view of representations. 
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METHOD 
In this study, the mathematical questions related to the derivative and the integral of the last five years (from 

the academic year 2013-2014 to 2017-2018) of the UEE in Spain1 and Iran were analyzed from the point of view of 
representations (algebraic, graphical, numerical and explanations with words). First, all the mathematical questions 
of the last five years of the UEE in these two countries were carefully studied, and then the questions related to the 
derivative and the integral were separated. 

 Then derivative and integral questions were categorized based on the type of representations that there were 
as the input information of the question. Four types of representations were considered: Algebraic, graphical, 
numerical and explanations with words. Based on the framework below, the questions were categorized. 

The question would be placed in the category of the algebraic representation if the input information was given 
as algebraic functions, equations or expressions. A sample question of this category is given below (from the UEE 
in Spain). 

If 𝑓𝑓(𝑥𝑥) = �
8𝑒𝑒2𝑥𝑥−4 𝑥𝑥 ≤ 2
𝑥𝑥3−4𝑥𝑥
𝑥𝑥−2

 𝑥𝑥 > 2 , evaluate ∫ 𝑓𝑓(𝑥𝑥)2
0 𝑑𝑑𝑑𝑑.  

The question would be placed in the category of the graphical representation if the input information was given 
as graphs of functions, or as diagrams. A sample question of this category is given below (from the UEE in Spain). 

The graph of the function 𝑓𝑓 is shown in Figure 1, find the value of ∫ 𝑓𝑓(𝑥𝑥)𝑑𝑑𝑑𝑑0
−2 . 

The question would be placed in the category of the numerical representation if the input information was given 
as a table of numerical values or functions with numerical input and output. A sample question of this category 
designed by the authors is given below. 

Use the values of the continuous function 𝑔𝑔(𝑥𝑥) given in Table 1, to approximate 𝑔𝑔′(2). 
The question would be placed in the category of the explanations with words if the input information was given 

as explanations and descriptions in the form of words. Usually questions related to the application of derivatives 
and integrals in the real world were placed in this category. A sample question of this category is given below (from 
the UEE in Iran). 

The volume of a sphere increases with a constant rate 3 cubic centimeter per second. At a moment when the diameter of the 
sphere is 8 centimeter, what is the rate of change of the sphere surface (square centimeter per second)? 

a) 1.2 b) 1.25 c) 1.5 d) 1.6 
Since the input information of some questions might include more than one representation, categories for 

questions with combined representations were also considered. For example, a question would be placed in the 
algebraic-graphical category if the input information in the question was presented in both graphical and algebraic 
representations. A sample question of this category is given below (from the UEE in Iran).  

Figure 2 is a part of the graph of the function 𝑦𝑦 = 1
2

+ 2 𝑐𝑐𝑐𝑐𝑐𝑐𝑚𝑚𝑚𝑚. Find the value of the function at the point 𝑥𝑥 = 16𝜋𝜋
3

. 

a ) −1
2

 b) 1
2
 c) 1 d) zero 

                                                                 
1 Since the UEE in Spain is different in each autonomous community, in this study, we considered the UEE in Madrid. We 
examined the questions about mathematics II in the UEE in Madrid. 

 
Figure 1. The graph of the function f 

Table 1. Values of the function y = g(x) 
𝑥𝑥 1.9 1.99 1.999 … 2 … 2.0001 2.001 2.1 

𝑔𝑔(𝑥𝑥) 3.61 3.9601 3.996001 … 4 … 4.00040001 4.004001 4.41 
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A question would be placed in the category of ‘explanations with words-algebraic’ if the input information in 
the question was presented in both explanations in the form of words and algebraic functions, equations or 
expressions. A sample question of this category from the UEE in Spain is given below. 

Consider 𝑓𝑓(𝑥𝑥) be a twice-derivable function. Knowing that the point 𝑥𝑥 = −2 is an inflection point of the graph of f and at 
this point (𝑥𝑥 = −2) the line 𝑦𝑦 = 16𝑥𝑥 + 16 is tangent to the graph of f. Determine values 𝑓𝑓(−2), 𝑓𝑓′(−2) and 𝑓𝑓′′(−2). 

A question would be placed in the graphical-numerical category if the input information in the question was 
presented in both graphs of functions and a table of numerical data. A sample question of this category designed 
by the authors is given below. 

Using the graph of the function 𝑓𝑓(𝑥𝑥) (Figure 3) and Table 2, approximate 𝑓𝑓′(0.04).  
 

The other combined categories (e.g., algebraic-numerical, graphical-explanations with words, etc.) are defined 
in the same way. To confirm our representational framework and categorize the questions, group meetings were 
held with two professors in Mathematics and two professors in Mathematics Education who had more than 15 
years of experience in teaching calculus in the high school and the university. 

RESULTS 
Mathematics questions on the UEE related to derivatives and integrals in both Spain and Iran were analyzed 

from the representations point of view, and each question was sorted into a category. In this section, the results of 
the categorization are presented. 

Representations in the Mathematics Questions of the UEE in Spain 
In the case of the UEE in Spain, 189 questions were examined, 21 and 19 of which were related to the derivative 

and the integral, respectively. The rest of the questions were related to other mathematical topics (e.g., vectors, 
matrixes, systems of equations, equations of lines and planes, dot and cross products, and probability). Among the 
21 questions of the derivative, the dispersion of the representations is given in Table 3. 

 
Figure 2. A part of the graph of y = 1

2
+ 2 cos mx 

 
Figure 3. The graph of the function 𝑓𝑓(𝑥𝑥) 

Table 2. The values of the function 𝑓𝑓(𝑥𝑥) 
𝑥𝑥 0 0.02 0.04 0.06 0.08 0.10 

𝑓𝑓(𝑥𝑥) 100 81.87 67.03 54.88 44.93 36.79 
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According to Table 3, it can be seen that a high percentage of questions of the UEE in Spain relate to the algebraic 
representation. Only 2 questions were related to graphical representation and there were no questions regarding 
numerical representation. In the case of the relationship between representations, there were two questions related 
to the combined representation of algebraic-explanations with words. There was not any question in which the 
relationship between other types of representation was identified. 

The variety of representations for the integral questions of the UEE in Spain is presented in Table 4. 
Table 4 shows that a high percentage of integral questions were related to the algebraic representation. There 

was only one integral question regarding graphical representation, and there was no question in which input 
information was given only by numerical data. In relation to the combined representations, there were two 
questions related to algebraic-numerical representation, and there was no question related to the relationship 
between the other representations. 

Representations in the Mathematics Questions of the UEE in Iran 
In the case of Iran, the derivative and the integral questions of the UEE for the field of mathematical sciences 

between 2013-2014 and 2017-2018 were examined. A total of 275 mathematics questions were investigated. 37 and 
11 questions were related to the derivative and the integral respectively. The rest of the questions were related to 
other mathematical topics (e.g., geometry, analytic geometry and linear algebra, discrete mathematics, statistics and 
modeling, algebra and probability). Among the 37 questions of the derivative, the dispersion of the representations 
is given in Table 5. 

It can be seen from Table 5 that a high percentage of the derivative questions of the UEE in Iran presented input 
information only by the algebraic representation. There was only one question of the derivative that provided the 
input information as a graphical representation, and there was no question of the derivative that gave input data 
only via the numerical data. Regarding the relationship between the representations, 7 questions provided input 
information as algebraic-graphical data. Only one question was related to the relationship between the algebraic 
and numerical representations and there was no question in which input information was presented as a 
combination of other representations.  

The results of the analysis of the questions showed that all 11 questions concerning the integral were presented 
with an algebraic representation. 

DISCUSSION AND CONCLUSION  
A number of students in the first year of the university have fundamental difficulties in solving graphical and 

numerical questions related to derivatives and integrals (Borji, Font, Alamolhodaei, & Sánchez, 2018; Baker et al, 
2000; Cooley, Trigueros, & Baker, 2007). One of the reasons may be that they did not well understand these concepts 
in different representations during the high school. Students in the last years of the high school get involved with 
the UEE. They aim to pass the UEE in order to enter to the university (Farrokhi-Khajeh-Pasha, et al., 2012; Kim & 
Dembo, 2000; Koçkar & Gençöz, 2004; Konečný, et al., 2012; Kusayanagi, 2013; Zhang, 2016). In some cases, 
admission to top universities remains a means of achieving elevated status in a society in which education is a 
major determinant of class mobility. Graduates of such universities have a better chance of securing increasingly 
limited jobs in professions such as medicine, engineering, and law (Kusayanagi, 2013).  

 Students learn math concepts in some way to solve the mathematics questions of the UEE. Mathematics 
teachers also teach their students how to solve mathematics questions of the UEE. Despite the importance and effect 

Table 3. Distribution of the representations in the derivative questions of the UEE in Spain 
Explanations with words-

algebraic Graphical Algebraic The representation presented as the input 
information in the question 

2 2 17 Number of questions 
 

Table 4. Distribution of the representations in the integral questions of the UEE in Spain 

Algebraic-numerical Graphical Algebraic The representation presented as the input 
information in the question 

2 1 16 Number of questions 
 

Table 5. Distribution of the representations in the derivative questions of the UEE in Iran 
Algebraic-
numerical 

Algebraic-
graphical 

Explanations 
with words Graphical Algebraic The representation presented as the input 

information in the question 
1 7 3 1 25 Number of questions 
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of the UEE on the teaching approach of mathematics teacher and students’ mathematical learning, research about 
the UEE is very limited in mathematics education. In the present study, the UEE and the kind of its mathematics 
questions are considered as one of the effective factors on the teaching and learning of mathematics by teachers and 
their students. The mathematics questions about derivatives and integrals of the UEE in Spain and Iran between 
2013-2014 and 2017-2018 were analyzed from the point of view of representations (i.e., algebraic, graphical, 
numerical and explanations with words). The results showed that a high percentage of the questions was presented 
in an algebraic representation, and a very low percentage was related to other representations and the relationship 
between the representations.  

This high number of algebraic mathematics questions in the UEE causes students in the last years of high school 
to focus more on the algebraic representation of calculus concepts (e.g., derivative and integral) and less attention 
to the other representations (graphical, numerical, explanation with words) and the translation between these 
representations. For this reason, students in the first year of the university may have fundamental difficulties in 
solving non-algebraic derivatives and integrals’ questions. Students in the first year of the university face 
difficulties in solving the calculus questions where input information is given only through graphical or numerical 
representations (Borji, Font, Alamolhodaei, & Sánchez, 2018; Baker et al, 2000; Cooley et al., 2007). Many research 
have recommended that, in order to achieve a conceptual understanding of a mathematical concept, it is better to 
start learning that concept in its various representations and connections between them (Baker et al., 2000; Borji, 
Alamolhodaei, & Radmehr, 2018; Dreher & Kuntze, 2015; Goldin & Shteingold, 2001; Kendal & Stacey, 2003; 
Özmantar et al., 2010; Pape & Tchoshanov, 2001; Ronda, 2015). Students usually learn derivative and integral 
concepts in high school for the first time. To achieve a conceptual understanding of these concepts, it is 
recommended that students at the high school level are able to understand and interpret them in their different 
representations. Therefore, the mathematics questions of the UEE should not be such that they force students to 
concentrate more on algebraic representations of concepts. 

To answer mathematics questions of the UEE in Spain, students write the whole process of solving in the answer 
sheet. For each of the students’ answers, they are given a suitable score (Orden ECD/42/2018, de 25 de enero). The 
UEE in Iran is a multiple choice test. Iranian students have to choose one of the four options for each question and 
mark it on the answer sheet (National Organization of Educational Testing, 2009; Research and Educational 
Planning Organization, 2013). This kind of exam may cause a student to choose one of the four options by randomly 
(by chance) for a question, even without solving the question. The process of solving and how students reach the 
final solution are not being considered by the Iranian examiners. Only the option that the student chooses is being 
considered. This allows students to explore the answer, through shortcut and non-conceptual solutions, and 
mathematical techniques. This kind of exam (i.e., four options choice test) and how it is being evaluated also affects 
the teaching of mathematics teachers who prepare their students for the UEE. It causes mathematics teachers to 
teach shortcuts and techniques to their students in order to find the final answer rather than teach mathematics 
conceptually. 

The designers of the mathematics questions of the UEEs should be aware of the importance of representations 
and relationships between them when designing the derivative and the integral questions. They should design 
questions that relate to the different types of representations and their combinations. In other words, it is suggested 
that there be a balance in the number of math problems using each of the different representations in the 
mathematics questions of the UEE. It is also recommended that the mathematics questions of the UEE are structured 
so that students can write the process of their solving on the answer sheet. In the calculation of students’ scores, the 
students’ hand-written answers should be considered. The UEE in this way (i.e., diversity in mathematical 
representations and open response questions) also affects the teaching of mathematics teachers, who are preparing 
their students for the UEE; encouraging them to focus on the importance of different representations and 
translations between them when teaching mathematical concepts. Since students usually solve the questions of 
previous years of the UEE to prepare themselves for this exam, students, by seeing mathematical questions in 
various representations, try to learn a mathematical concept in different representations in order to be able to 
answer a number of questions with different representations. 

This research analyzed the UEE in two countries, Spain and Iran. Considering the importance of the UEE and 
its effect on both the teaching of mathematics teachers and on students’ learning, it is recommended that similar 
research be conducted in the case of other countries. In the current study, the importance of representations related 
to the derivative and the integral in mathematics questions of the UEE was studied. It is recommended that 
questions about other mathematics topics that are included in the UEE also be examined from the perspective of 
representations. In Iran, the students’ textbooks are designed in accordance with the official curriculum. Then, 
another possibility is designing Mathematics questions of the UEE based on the high school’s mathematics 
textbooks. It is recommended that researchers explore how much similarity there is between the mathematics 
questions of the UEE and the mathematics questions of the high school textbooks, and to what extent the designers 
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of mathematics questions of the UEE have considered the goals of the designers and planners of the mathematics 
textbooks and curriculum. 
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