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Derivatives and integrals are two important concepts of calculus which are precondition 
topics for most of mathematics courses and other courses in different fields of studies. A 
majority of students at the undergraduate level have to master derivatives and integrals if 
they want to be successful in their studies However, students encounter difficulties in the 
learning of derivatives and integrals. Most of these difficulties arise from the students’ 
weakness in problem solving. This paper presents a learning strategy which has been 
designed to overcome these difficulties based on mathematical thinking and generalization 
strategies with prompts and questions. 
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INTRODUCTION  

      Calculus is an important subject since it exists in 
most of university courses such as; economy, 
engineering, statistics, science, and all mathematical 
courses like; analysis, numerical analysis, statistic, 
differential equation and operation research (Tall, 1992, 
1993, 1997, 2010a; Tall and Yudariah, 1995; 
Karamzadeh, 2000; Tarmizi, 2010). According to Tall 
(2012), imagining university courses without calculus is 
unfeasible. Therefore, derivatives and integrals are two 
important topics in university mathematics which are 
prerequisites in order to learn other concepts in the 
different fields of studies (Tall, 1993, 1997, 2004a, 
2011). 

Many university courses depend on the knowledge 

on derivatives and integrals and also their applications 
(Tall, 2004a, 2010b, 2011; Metaxas, 2007; Pepper et al., 
2012). In fact, traces of derivatives and integrals are 
visible in the advanced mathematics and even other 
subjects. Therefore, learning derivatives and the 
integrals can be helpful and useful for students in order 
for them to learn other mathematical courses at 
university level (Tall, 2010a, 2011; Tarmizi, 2010). 
However, there are some obstacles in the learning of 
calculus and its concepts especially derivatives and 
integrals (Tarmizi, 2010; Tall, 2010a, 2012; Pepper et al., 
2012). 

Derivatives and integrals are two difficult concepts 
of mathematics for many undergraduate students. The 
difficulties in learning derivatives and integrals among 
undergraduate students are due to their weakness in 
solving problems involving these concepts (Tall, 1993, 
1997, 2011; Willcox and Bounova, 2004; Yazdanfar, 
2006; Metaxas, 2007; Roknabadi, 2007; Tarmizi, 2010; 
Rubio and Chacon, 2011; Pepper et al, 2012; Azarang, 
2012).  

Many researchers (Tall, 1992, 1997, 2012; Stacey, 
2006; Metaxas, 2007) have noted that students possess 
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difficulties in the learning of derivatives and integrals 
concepts, because the teachers and students focus on 
symbolic aspect rather than graphical. Moreover, the 
inability to make connection and relation between 
graphical aspect and symbolical aspect is another reason 
for the weakness (Tall, 1997, 2012; Metaxes, 2007; 
Shahshahani, 2012). The need for a heuristic and 
appropriate framework or plan to solve problems and 
weakness in using previous knowledge and information 
in new areas are other reasons for the difficulties. 
(Polya, 1988; Tall and Yudariah, 1995; Tall, 2001, 2004a, 
2007; Kirkley, 2003; Villers and Garner, 2008; Mason, 
2010; Tarmizi, 2010).  

Some methods are being introduced to support 
students to overcome their difficulties in the learning of 
derivatives and integrals. There is quite an extensive 

study on promoting mathematical thinking to help 
students’ understanding of calculus, especially 
derivatives and integrals (Dubinsky, 1991; Schoenfeld, 
1992; Tall, 1986, 1995, 2002a, 2002b; Watson and 
Mason, 1998; Yudariah and Tall, 1999; Gray and Tall, 
2001; Mason, 2002; Roselainy, 2008; Mason et al, 2010; 
Kashefi et al, 2013). Although some new methods such 
as using mathematical thinking (Tall, 2004; Mason et  al, 
2010) and generic skills (Kashefi et al, 2013) have been 
invented to support students’ learning in derivatives and 
integrals,  the difficulties still exist at undergraduate level 
according to Orton (1983), Yudariah (1995), Yazdanfar 
(2006), Aghaee (2007), Parhizgar (2008), Roselainy 
(2008), Tall (2008, 2012), Javadi (2008), Ghanbari 
(2012), Tarmizi (2012) and Azarang (2012). 

Mathematical thinking is an active process involving 
highly complex activities, such as specializing, 
conjecturing and generalizing which improves students’ 
understanding (Tall, 2002a, 2002b; Yudariah and 
Roselainy, 2004; Stacey, 2006; Mason, Burton, and 
Stacey, 2010; Kashefi et al, 2013). According to Tall 
(2004b, 2008), mathematical thinking process occurs in 
three worlds of mathematics namely embodied world, 
symbolic world and formal world which is called the 
theory of three mathematical thinking worlds. Based on 
the theory of three worlds of mathematics, there are two 
approaches of derivatives and integrals; graphical and 
symbolic (Lithold, 1968; Silverman, 1998; Thomas, 
2009; Tall, 2011). Graphical view appears as an 
embodied notion such as; curve, diagram and graph 
(Tall, 2002a, 2004b, 2010a, 2012; Stewart, 2008; Tarmizi, 
2010). The second approach is symbolic which deals 
with algebraic forms of functions such as limit, 
derivatives, integrals and multi integration (Yudariah, 
1997; Watson, 2000; Tall, 2004a; Stewart, 2008).  

Mathematical thinking is related to improving 
generalization in the learning of mathematics (Watson 
and Mason, 2006; Mason et al, 2010; Tall, 2012). Tall 
(2002a) asserts that generalization strategies in 
mathematical thinking worlds are expansive, 
reconstructive and disjunctive generalization. In fact, 
generalization is an important element of the 
mathematical thinking process and problem solving 
methods. It  can be used to support students to 
overcome their difficulties in the learning of calculus 
especially derivatives and integrals (Polya, 1988; Cruz 
and Martinon1998; Larsen, 1999; Karamzadeh, 2000; 
Tall, 2002b, 2004b; Sriraman, 2004; Mason et al, 2010; 
Kabael, 2011). 

State of the literature 

 Students’ difficulties in the learning of derivatives 
and integrals have been appearing through problem 
solving.  

 Lack of making connection between graphical and 
symbolical aspects, more focus of symbolical 
aspect, weakness of recalling previous knowledge 
and the lack of suitable framework are remarkable 
reasons of students’ difficulties in problem solving.  

 Different learning strategies can be designed to 
help students in learning of derivatives and 
integrals based on mathematical thinking and 
generalization strategies 

Contribution of this paper to the literature 

 The designed strategy (MGSDI) can help students 
to rectify their difficulties by modifying 
generalization strategies and combining them with 
three worlds of mathematics in the learning of 
these topics.  

 In this study, the postures of using prompts and 
questions have been shown based on MGSDI. 
Appropriate prompts and questions have been 
introduced for derivatives and integrals in 
embodied and symbolic worlds of mathematical 
thinking.  

 Also, the activities of prompts and questions tried 
to highlight specialization and generalization and 
their relationships through mathematical thinking 
worlds. 
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Considering the mathematical thinking activities, 
Watson and Mason (1998) have developed various 
general questions and prompts which can be used to 
motivate the development of Mathematical sense 
among students. The prompts and questions offered 
examples of some generated questions which are used 
as a way to know how suitable questions and structure 
should be chosen (Roselainy, 2008). The main delivery 
methods for applying prompts and questions through 
mathematical thinking are expounding and explaining. 
In addition, effective learning can be achieved through 
other interaction styles and six important interaction 
modes (Mason, 1999, 2002; Roselainy, 2008) and thus 
they should be used for effective teaching based on 
prompts and questions. 

This study is designed based on specialized and 
modified forms of generalization strategies and 
mathematical thinking to support undergraduates in 
improving their problem solving in the learning of 
derivative and integral. Prompts and question are 
suitable methods to improve the learning strategy.  
 

Students’ Difficulties in the Learning of 
Derivative and Integral  
 

The analysis of information on students’ difficulties 
in learning Derivatives and Integrals has shown that 

these difficulties are due to their weakness in problem 
solving (Metaxas, 2007; Rubio and Chacon, 2011; 
Pepper et al, 2012; Tall, 1993, 1997, 2011; Willcox and 
Bounova, 2004; Javadi, 2008; Tarmizi, 2010; Ghanbari, 
2012). Many researchers (Tall, 1992, 1997, 2012; Stacey, 
2006; Yazdanfar, 2006; Metaxas, 2007; Roknabadi, 
2007) have highlighted that students’ problem solving 
skill in the learning of Derivatives and Integrals is 
insufficient because the teachers and students deal with 
the algebraic aspect rather than graphical (see Figure 1). 
Moreover, the lack of relationship between graphical 
and algebraic aspects is another reason for students’ 
difficulties (Tall, 1997, 2012; Metaxes, 2007; 
Shahshahani, 2012).  

The lack of methods to make strong connections 
between graphical aspect and symbolic aspect is seen 
among undergraduates yet. Therefore, there is a 
necessity to use the properties of graphical aspect in 
teaching and learning of derivatives and integrals among 
undergraduate students. In addition to these reasons for 
problem solving, the absence of problem solving plan is 
another important difficulty among students in the 
learning of derivatives and integrals (Polya, 1988; 
Yudariah and Tall, 1995; Tall, 2001, 2004a, 2007; 
Kirkley, 2003; Villers and Garner, 2008; Parhizgar, 2008; 
Mason, 2010; Tarmizi, 2010; Azarang, 2012; Ghanbari, 
2012).  

 
 
Figure 1. Difficulties in solving problems of derivatives and integrals 
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Lack of problem solving framework or pattern and 
the inability to recall previous knowledge in new 
situations are other causes of the difficulties faced by 
students. Hence, students need to be aware of problem 
solving framework in order to follow the process of 
solving problems of derivatives and integrals. Most 
undergraduate students fail to get the answers because 
they are clueless on what should be done. Therefore, 
there is a strong requirement to introduce and use a 
problem solving plan in the learning and teaching of 
derivatives and integrals. The above weaknesses are 
highlighted in Figure 1. Recalling previous knowledge is 
difficult for students due to some factors such as such 
as they are imagining concepts in separate areas, they are 
unable to make connection between earlier and later 
information, the inability to use suitable method and 
strategy to recall information and so on.  Figure 1 shows 
more information about the difficulties in problem 
solving. 
 

Appropriate Methods to Overcome Students’ 
Difficulties 
 

Based on the points in the previous heading, there is 
a strong necessity to find suitable strategy to improve 
students’ problem solving abilities within the learning of 
derivatives and integrals.  Mathematical thinking (Tall, 
2004a; Mason et al, 2010) and generalization (Tall, 
2002a) have been proposed to rectify these difficulties in 
learning of derivatives and integrals. Generalization 
strategies such as expansive and reconstructive allow 
connection to be made between graphical aspect and 

symbolic aspect. Generalization has the potential to 
increase focus on graphical aspect, because the 
expansive as a strategy of generalization can be used in 
graphical aspect to work more on that aspect (Tall, 
2008; Villiers and Garner, 2008). 

Mathematical thinking is a suitable method to help 
people to use generalization strategies (Tall, 2004a; 
Mason et al, 2010), because using generalization can 
conduct students to avoid using disjunctive strategy to 
use expansive and reconstructive strategies in graphical 
and symbolical worlds of mathematical thinking (Tall, 
2002a). Generalization can be used to recall previous 
knowledge and making connections between concepts 
(Polya, 1982; Karamzadeh, 2000; Stacey, 2006), because 
generalization involves making connection between 
previous concepts and news.   

Mathematical thinking is a suitable method to help 
people to use generalization (Tall, 2004a; Mason et al, 
2010). Three worlds of mathematics (Tall, 2008) and 
mathematical thinking process (Mason et al, 2010) can 
be helpful and beneficial to overcome students’ 
difficulties in problem solving. Mathematical thinking 
worlds cover both graphical and symbolic aspects of 
derivatives and integrals through embodied and 
symbolic worlds (Tall, 2012). Students can use the 
properties of these worlds to make connection between 
them to rectify the mentioned difficulties. Besides, 
mathematical thinking process (Watson 2002; Mason et 
al, 2010) such as specializing and generalization can be 
used as a problem solving framework. More details can 
be found in Table below. 
 

Table 1. Students’ difficulties in learning derivatives and integrals, the reasons and proposed solutions 

Students’ Difficulties in Learning 
Derivatives and Integrals 

 
Reasons 

 
Proposed Methods 

 
 
 
 
Problem Solving 

Focusing on Symbolic Aspect Using Expansive Generalization in 
Embodied World 

Lack of Connection between Graphical  
and Symbolical Aspects 

Using reconstructive generalization 

Weakness of recalling previous knowledge Generalization Strategies  

Lack of Problem Solving Framework Mathematical thinking Process 
Specialization and Generalization 

 

 
Figure 2. Generalization’s components from Tall’s viewpoint 
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Designing Learning Strategy  
 
Mathematical thinking can be a useful method to 

reduce students’ difficulties in the learning of derivatives 
and integrals, because it can cover both graphical and 
symbolic aspects. Moreover, it can support 
generalization to help students in recalling previous 
knowledge in the problem solving process. Therefore, 
mathematical thinking worlds and generalization 
strategies need to be introduced more when designing a 
learning strategy. 

 
Mathematical Thinking Worlds 
 
Tall and Watson compare the embodied and symbol 

at university level with formal view or formal approach 
and introduce it as an axiom (Watson, 2000; Tall, 2004a, 
2004b, 2012; Stewart, 2008). They emphasize that those 
three points of view (geometric, symbolic and 
axiomatic) cannot be considered as mathematical 
concepts. However, they are three different cognitive 
developments which happen in mathematical thinking 
in three separate worlds.  

In the development of mathematical thinking theory, 
Tall has studied and carefully used a majority of 
mathematical topics (Tall, 2004b). Tall (2004b) 
establishes the theory of mathematical thinking worlds 
namely embodied world, symbolic world and formal 
world; he also invents the word of procept which is a 
combination of the word process and concept in 
symbolic world and this word is important for 
conceptual understanding. The word of world has been 
chosen to emphasize distinct ways of thinking about 
thinkable concepts in mathematics (Tall, 2005; Mejia- 
Romas, 2006).  

Table 2 shows the postures of derivative and integral 
through three worlds of mathematical thinking. 
Derivative and integral and their properties are shown 

with graphs and histograms in the embodied world of 
mathematical thinking (Stewart, 2008; Tall, 2008, 2012). 
In the symbolic worlds, the postures of derivatives and 
integrals are the symbols of them. These symbols can be 
their general forms and properties which are shown 
with numbers and algebraic letters. Although, 
mathematical thinking involves the formal world, the 
main emphasis in the learning calculus is on embodied 
world and symbolic world and its concepts such as 
derivatives and integrals (Tall, 2004a, 2008, 2012).  

Using generalization strategies is another useful 
method to improve students’ problem solving. 
Generalization can make a connection between 
graphical and symbolic aspects (Tall, 2008; Kashefi et al, 
2013). It can be a useful method for recalling previous 
knowledge in problem solving activities (Polya, 1988; 
Karamzadeh, 2000). 

 
Generalization and Its Strategies 
 
Tall (2002a, 2004b, 2012) asserts that mathematical 

thinking can support generalization in mathematics. 
Generalization strategies are used in mathematics to 
show processes at broader contexts. It can help problem 
solvers to know about the products of those processes 
(Tall, 2002a). According to Tall the components of 
generalization can appear in three types; expansive, 
reconstruction and disjunctive. 

First of all, expansive generalization involves 
extending the existing information of learners without 
any change of their previous ideas. On the other hand, 
in expansive generalization; the new information should 
be similar to the current information in the same area. 
For example, in learning vector space firstly students are 
taught on R and R2 then educators will add another 
component to plane (R2) and introduce apace (R3). 

Furthermore, when a person extends a concept by 
changing his or her previous ideas or knowledge, (s)he 

Table 2. Posture of derivatives and integrals in mathematical thinking worlds 

Concept Embodied world Symbolic world Formal world 

 
 
Derivatives 

  

 
 

Using  in analysis  

 
 
 
Integrals 

 

 
 

 

 
 

Using  in analysis 

 

 



N.Hashemi  et al. 

 

232 © 2015 iSER, Eurasia J. Math. Sci. & Tech. Ed., 11(2), 227-238 

 
 

reconstructs his or her cognitive area of knowledge. 
This change is named reconstruction generalization. To 
illustrate, in transitions from figure to symbol (or vise 
versa), this kind of generalization is happened (Harel 
and Tall, 1991; Tall, 2008). According to Tall (2002a, 
2008), this generalization can be used as an ideal 
generalization to make a connection between embodied 
and symbolic aspects to overcome students’ difficulties 
in recalling previous knowledge in new situations (Polya, 
1982; Karamzadeh, 2000). 

Next, disjunctive generating problems can be solved 
and analyzed in  advanced  knowledge, but this 
generalization has less effects on students learning in 
comparison to expansive and reconstructive  (Tall, 
2002a). In order to use this kind of generalization, 
students solve new problems by adding numbers of 
disconnected pieces of information illogically. Mason 
and colleagues (2010) have tried to correct this 
generalization in the third stage (review) of their 
framework. Using disjunctive generalization leads 
students to solve problems routinely instead of applying 
suitable problem solving framework (Tarmizi, 2010). 

To sum up, generalization from Tall’s viewpoint has 
three components such as; expansive, reconstruction 

and disjunctive. The relationship between the 
components of generalization according to Tall's 
perspective on generalization is shown in Figure 2 
(Harel and Tall, 1991; Tall, 2002). 

Consideration on generalization (Tall, 2002a) is 
important in the teaching of mathematical concepts 
such as derivative and integral. Besides, generalization in 
the problem solving process such as specialization, 
conjecturing and generalization (Mason, Burton and 
Stacey, 2010) are useful in overcoming students’ 
difficulties in the learning of derivative and integral 
(Roselainy, 2008; Kashefi et al, 2013). Hence, 
specialization and conjecturing are foundations to 
achieve generalization. 

Specialization in the teaching of mathematics can be 
used in various cases or examples (Roselainy, 2008; 
Mason et al, 2010; Mason, 2012; Kashefi et al, 2013). In 
other words, specialization means referring to more 
examples in order to learn the concepts or solve the 
problems. These examples are specific and particular 
instances of more general situations in a concept 
(Mason et al, 2010). According to Mason, Burton and 
Stacey (2010) if specialization happens successfully via a 
useful conjecturing, it can be helpful in making 

 
Figure 3. Generalization’s process  

 

 
Figure 4. Design strategy for improving problem solving 
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generalizations. Conjecturing is forming an opinion or 
supposition about similarities and differences between 
given examples in specialization to find the suitable way 
for solving problems. When the solutions of problems 
are written in general form, it can be the starting point 
of using generalization.  

Generalization is the main process after 
specialization. When students face new concepts or new 
problems after specializing and conjecturing, 
formulation is formed in their minds. It is the beginning 
point in utilizing generalization (Mason and colleagues, 
2010). Generalization activity can be extended to 
previous knowledge or to new related concepts (see 
Figure 3). 

Embedding Mathematical Thinking Worlds and 
Generalization Strategies 

 
Based on the results of Table 1, mathematical 

thinking and generalization strategies can be useful 
methods to overcome students’ difficulties in the 
learning of derivatives and integrals. It is important to 
possess the quality of combining and blending these 
methods together to design a suitable learning strategy 
for derivatives and integrals.  

The generalization strategies (Tall, 2002a) have been 
integrated with generalization process (Mason et al, 
2010) to establish modified generalization strategies. 
The modified generalization is a combination of 
generalizations. The proposed framework of learning 
strategy in derivatives and integrals contains the theory 
of mathematical thinking (Tall, 2004b), the perspective 
of Tall about generalization (Tall, 2002a), and the 
framework of Mason, Burton and Stacey (2010) in using 
generalization. Figure 4 illustrates the design strategy. 

This study has designed learning strategies called 
Modified Generalization Strategies in derivatives and 
integrals (MGSDI) specifically to support 
undergraduates in improving their problem solving skills 
in calculus topics. Modified generalization strategies 
which consist of a series of complex learning activities 
are  first formulated based on  Tall’s three components 
of generalization (expansive, reconstructive and 
disjunctive) and  Mason’s generalization process namely 
specialization, conjecturing and generalization.  

 Mason generalization process with two preliminary 
processes (specialization and conjectured) has been 
modified by embedding Tall’s three generalization 
strategies. Generalization can be achieved in Mason’s 
process by using at least one strategy of Tall’s.  In other 
words, the problem solving framework of Mason is 
being improved when the generalization process is 
modified. Although specialization and conjecturing 
belong to the design strategy, the main focus is on 
generalization process that has been modified. Thus, 
specialization and conjecturing are pre- processes of 
generalization. The modified generalization strategies 
was then mapped onto the Tall’s three worlds of 
mathematical thinking (embodied, symbolic and formal) 
to form MGSDI. 

Figure 5 provides more details of the learning 
strategy. MGSDI is designed by considering problem 
solving, mathematical thinking and generalization. The 
quality of linkage between generalization strategies and 
mathematical thinking is illustrated   in Figure 6. In 
addition, the relations between problem solving with 
mathematical thinking worlds are also shown. 

MGSDI is proposed to rectify difficulties in the 
learning of these concepts. After designing MGSDI, it 
can be improved through dynamic activities. Based on 

 
Figure 5. The detail strategy of MGSDI   
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MGSDI, many tasks and activities are designed by 
emphasizing both embodied and symbolic aspects of 
derivatives and integrals. 

 
Designing and Developing MGSDI through 

Prompts And Questions 
 
Prompts and questions are suitable methods to 

design strategies in mathematical thinking approach 
(Roselainy, 2008; Mason et al, 2010; Kashefi et al, 2013). 
Watson and Mason (1998) and Watson (2002) assert 
that prompts and questions can be used by teachers as 
guidance for developing mathematical thinking in the 
classroom within problem solving process. 

Questions help students to focus on particular 
strategies and to see patterns and relationships (Mason 
et al, 2010). It will build the foundation of a strong 
perceptual network. In addition, questions can be used 

to   prompt students when they become “stuck”. 
Teachers are often tempted to turn these questions into 
prompts to encourage thinking and incorporate 
students’ problem solving activities (Watson and Mason, 
1998, 2006; Mason et al, 2010). Therefore, this study 
proposes that the contents of design strategies which 
depend on prompts and questions should cover 
generalization strategies, mathematical thinking process 
as problem solving framework and three worlds of 
mathematics.  

Therefore, prompts and questions have been applied 
to improve the designed learning strategy (MGSDI). 
Table 3 presents the posture of appropriate prompts 
and questions based on mathematical thinking worlds.  

The postures of using prompts and question should 
be shown in different mathematical worlds and different 
activities of mathematical thinking. It means that the 
prompts and questions activities are designed to develop 

Table 3. Suitable questions for the strategy based on mathematical thinking 

 

Table 4. Derivatives in embodied world with prompts and questions 
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MGSDI in embodied and symbolic worlds of 
mathematical thinking. In addition, for each concept 
such as derivatives and integrals the activities of 
prompts and questions are designed through different 
worlds. 

Table 4 presents prompts and questions which can 
be used for derivatives in embodied world.   Students 
are guided to transit from embodied world to symbolic 

world. It should be noticed that Tall (2004a, 2008) 
believes that formal world of mathematical thinking is 
not applied for calculus. However, it can be used in 
mathematic analysis which is at a higher level than 
calculus. 

Another example of derivatives using prompts and 
questions in the symbolic world is offered in Table 5.  

Table 5. Presenting derivatives with prompts and questions based on mathematical thinking 

Topic: Derivative  
Activities: Specializing and Generalization in 
Symbolic World 

Prompts and Questions 

Example 2: Given  
i) Find the average velocity for 

 
ii) Find the average velocity for 

 
iii) Find the average velocity for 

 
iv) Write more general example. 
 
 
  

a- What is the similarity and difference in this example? 
b- Give exact rate for t. 
c- When the rate of t can be the best and what is the exact 
solution for velocity? 
d- Write the general form for this example. (what do you 
mean.  
e- What information do you need to write general forms 
from other topics such as function and limit? 
f- Give the general form of deprivation and describe it. 
g- Can you describe this example and the general form with 
the curve or graph of this example? 

 
Table 6. Presenting integral with prompts and question based on mathematical thinking 

Topic: Integral  
Activities: Specializing and Generalization in 
Embodied World 

Prompts and Questions 

Example 3: Given  

 
i) Try to find the area between the graph 
and x- axes from x=-2 to x=2. 
ii) Find the answer in several ways. 
iii) Describe how can find the exact solution 
of area in this example. 
iv) Please give another example. 
v) Please give a more general example. 

a- Compare examples 1 and 2.  
b- What are the similarities and differences? 
c- What is the main property for both of them? 
d- What information in example 2 do you need to solve it? 
e- Sketch examples 1 and 2 in one coordinate axes and find 
the area between them and x- axes from x= -2 to x= 2. 
f- How can you relate the solution of these examples (1and 
2) to algebraic aspect? 
g- Describe how you can connect this example to algebraic 
form. 

 
Table 7. Prompts and question for infinite integral in symbolic world 

Topic: Infinite Integral  
Activities: Specializing and Generalization in 
Symbolic World 

Prompts and Questions 

Example 4: Given  
i) Find  

ii) If  

iii) If , find h(x). 

iv) Give a general example with suitable 
symbol. 

a- What is similar?  
b- What is different?  
c- Describe the procedure to find the original function from 
derivative function. 
d- Give the general form of founded original function 
symbolically.   
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Most researchers (Tall, 1997; 2011; Roselainy, 2008, 
Kashefi et al, 2013) mention that derivative and integral 
are related with each other in calculus. According to 
Roselainy (2008), prompts and question can be used to 
teach integrals. Teaching integral in the embodied world 
via prompts and question is shown in Table 6. 

The activities in Table 6 introduce and highlight the 
meaning and properties of integrals. The table shows 
another example of Integrals which is offered in the 
embodied world with specialization and generalization.  

In addition, Table 7 illustrates the infinite integrals in 
the symbolic world based on specialization and 
generalization by using prompts and questions. This 
table also shows some activities to recall information 
from derivatives in integrals. 

Table 8 shows the finite integrals in the symbolic 
world and some activities to make the connection 
between embodied and symbolic worlds.  

 
CONCLUSION 

 
Mathematical thinking by using both graphical and 

symbolic aspects of derivatives and integrals is an 
important method that can support students. Moreover, 
mathematical thinking process such as specialization, 
conjecturing and generalization can be a suitable 
framework in problem solving of derivatives and 
integrals. Using generalization strategies based on 
mathematical thinking can make the connection 
between these aspects. Thus, it seems that students’ 
difficulties can be rectified by using mathematical 
thinking and generalization.  

Different learning strategies can be designed to help 
students in the learning of derivatives and integrals 
based on generalization strategies. The MGSDI can help 
students to rectify their difficulties by modifying 
generalization strategies and combining them with three 
worlds of mathematics in the learning of these topics.  

This study has presented the quality of using 
prompts and questions for MGSDI. Appropriate 
prompts and questions have been introduced for 
derivatives and integrals in embodied and symbolic 
worlds of mathematical thinking. Also, the activities of 
prompts and questions highlight specialization and 

generalization and their relationships through 
mathematical thinking worlds. Many researchers such as 
Yudariah (1995), Watson and Mason (2006), Roselainy 
(2008) have attempted to use mathematical thinking 
process for improving students’ difficulties, but they did 
not use mathematical thinking worlds. They only used 
the framework of Mason and his colleagues (2010).  
However, one of the students’ difficulties is the inability 
to connect embodied world and symbolic world. In 
addition, most researchers have used generalization in 
the learning of derivatives and integrals, but they used 
generalization strategies in symbolic world for problem 
solving (Karamzadeh, 2000; Tall, 2002a; Yudariah and 
Roselainy, 2004; Stacey, 2006; Roselainy 2008; Kashefi 
et al, 2013). Moreover, this study has proposed a 
modified generalization strategies for derivatives and 
integrals (MGSDI) to overcome the difficulties of 
problem solving through learning these concepts. It 
should be emphasized that the MGSDI supported the 
previous studies (Tall, 1992, 1997, 2011, 2012; Willcox 
and Bounova, 2004Stacey, 2006; Yazdanfar, 2006; 
Metaxas, 2007; Roknabadi, 2007; Metaxas, 2007; Javadi, 
2008; Tarmizi, 2010; Rubio and Chacon, 2011; Pepper 
et al, 2012; Ghanbari, 2012). 

Therefore, MGSDI is recommended to be used in 
real classrooms. This study also suggests that 
researchers have to design and develop suitable activities 
based on MGSDI to be implemented in the teaching 
process of derivative and integral. In addition, the 
impact of the MGSDI can be evaluated on students’ 
problem solving. 
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Table 8. Presenting finite integrals with prompts and question based on mathematical thinking 

Topic: Finite Integral  
Activities: Specializing and Generalization in 
Symbolic World 

Prompts and Questions 

Example 5: Given  

when . 
i) Find the answer. 
ii) Give another example which is like e.g. 
2. 
iii) Give a general example 
iv) Find answers by changing boundary.  

a- Compare e.g. 1 and 2. 
b- What is same, and what is different? 
c- Which property is similar in several examples of finite 
integral? 
d- What is the meaning of dx? 
e- Can you interpret example 2 by using a graph? 
f- Predict a general form for this example?  

 



Problem Solving in Derivatives and Integrals 

© 2015 iSER, Eurasia J. Math. Sci. & Tech. Ed., 11(2), 227-238 237 

 
 

REFERENCES 

Aghaee, M. (2007). Investigation of Controlling Abilities for 
Solving Problem in Infinite Integral. Unpublished 
Master Thesis. Shahid Bahonar University, Iran. 

Azarang, Y. (2012). Quality of Leaning Calculus in Iran. Roshd 
Mathematics Education Journal, 27(1): 24- 30. 

Cruz, J. A. G., Martinon, A. (1998). Levels of Generalization 
in Linear Patterns. 36th Conference of the International Group 
for the Psychology of Mathematics Education. 2: 329-336. 

Dubinsky, E. (1991). Reflective Abstraction in Advanced 
Mathematical Thinking. In D. O. Tall (Ed.), Advanced 
Mathematical Thinking (pp. 95-123). Dordrecht: Kluwer 
Academic Publishers. 

Ghanbari, G. (2012). Drwing Figures as a Problem Solving 
Method. Roshd Mathematics Education Journal, 27(1): 38- 
41. 

Gray, E. and Tall, D. (2001). Relationships Between 
Embodied Objects and Symbolic Procepts: An 
Explanatory Theory of Success and Failure in 
Mathematics. Proceedings of the 25th Conference of the 
International Group for the Psychology of Mathematics 
Education, Utrecht, The Netherlands. 3: 65-72. 

Harel, G., Tall, D. (1991). The general, the abstract, and the 
generic in advanced mathematics. For the Learning of 
Mathematics, 11(1), 38-42. 

Javadi, M. (2008). Perception of Concepts and Definition of 
Concept for Calculus. Roshd Mathematics Education 
Journal. 27(2): 23-27. 

Kabael, T. (2011). Generalizing Single Variable Functions to 
Two-variable Functions, Function Machine and APOS. 
Educational Sciences: Theory and Practice, 11(1), 484-499. 

Karamzadeh, S., O. (2000). Generalization. Incredible Results in 
Mathematics. University of Shahid Chamran Press. 
Ahvaz, Iran. 

Kashefi, H., Ismail, Z., Yusof, Y. M. (2013). Learning 
Functions of Two Variables Based on Mathematical 
Thinking Approach. Jurnal Teknologi, 63(2), 59-69. 

Kirkley, J. (2003). Principles for teaching problem solving.  PLATO 
Learning Inc. USA. 

Larsen, L. C. (1999). Problem-Solving Through Problems, Springer. 
Lithold, L. (1968). Calculus and Linear Algebra. Amazon, USA. 
Mason, J. (2002). Generalisation and Algebra: Exploiting 

Children's Powers. In L. Haggerty (Ed.) Aspects of 
Teaching Secondary Mathematics: perspectives on practice. 
London: RoutledgeFalmer: 105-120. 

Mason, J. (2010). Attention and Intention in Learning About 
Teaching Through Teaching. In R. Leikin and R. Zazkis 
(Eds.) Learning Through Teaching Mathematics: Development 
of Teachers' Knowledge and Expertise In Practice. p23-47. 
Springer, New York. 

Mason, J., Stacey, K. and Burton, L. (2010). Thinking 
Mathematically (2th edition), Edinburgh: Pearson. 

Mejia-Ramos, J. P. (2006, November). The long-term 
cognitive development of different types of reasoning 
and proof. In Conference on Explanation and Proof in 
Mathematics: Philosophical and Educational 
Perspectives, Essen, Germany 

Metaxas, N. (2007). Difficulties on Understanding the 
Indefinite Integral. In Woo, J. H., Lew, H. C., Park, K. 
S., Seo, D. Y. (Eds.). Proceedings of the 31st Conference of the 

International Group for the Psychology of Mathematics 
Education. 3: 265-272. Seoul: PME. 

Orton, A. (1983). Students' Understanding of Integration. 
Educational Studies in Mathematics. 14: 1-18. 

Parhizgar, B. (2008).  Conceptual Understanding of Function. 
Unpublished Master Thesis. University of Shahid 
Beheshti. Iran. 

Pepper, R., E.  Stephanie V. Chasteen, Steven J. Pollock and 
Katherine K. Perkins. (2012). Observations on Student 
Difficulties with Mathematics in Upper-Division 
Electricity and Magnetism. Physical Review Special Topics- 
Physics Education Research. 8(010111): 1- 15. 

Polya, G. (1982). Mathematical Discovery: on Understanding, 
Learning and Teaching Problem Solving (Combined 
Ed.). New York, NY: Wiley. 

Polya, G. (1988). How to Solve It. USA: Princeton University 
Press. 

Roknabadi, H. A. (2007). Varieties of Conceptual Understanding: 
Different Theories. Unpublished Master Thesis. Shahid 
Bahonar University, Iran. 

Roselainy Abdolhamid. (2008).Changing My Own and My 
Students’ Attitudes to Calculus Through Working on 
Mathematical Thinking. Unpublished Ph. D. Thesis. Open 
University. UK.  

Rubio, B. S. and Chacón, Gómez-I. M. (2011).Challenges 
with Visualization. The Concept of Integral with 
Undergraduate Students. Proceeding the Seventh Congress of 
European Society for Research in Mathematics Education 
(CERME-7). 9th and 13th Feb, University of Rezeszow, 
Poland.   

Schoenfeld, A. H. (1992). Learning to Think Mathematically: 
Problem Solving, Metacognition, and Sense-making 
Mathematics. Grouws, D. (Ed). Research on Mathematics 
Teaching and Learning: 334–370. Macmillan, New York. 
USA. 

Shahshahani, S. (2012). Why Calculus in Iran?  Retrieved from: 
http://matheducation.blogfa.com/post-6.aspx. 

Silverman, R. (1988) . Modern Calculus and Analytic Geometry. 
Amazon, USA. 

Sriraman, B. (2004). Reflective Abstraction, Uniframes and 
the Formulation of Generalizations. The Journal of 
Mathematical Behavior. 23(2): 205–222. 

Stacey, K. (2006). What Is Mathematical Thinking and Why Is It 
Important? University of Melbourne, Australia. 

Stewart, S. (2008). Understanding Linear Algebra Concepts Through 
the Embodied, Symbolic and Formal Worlds of Mathematical 
Thinking. Unpublished Ph.D. thesis. University of 
Auckland, New Zealand. 

Tall, D. (1986). Building and Testing a Cognitive Approach to the 
Calculus Using Interactive Computer Graphics, Ph.D Thesis, 
the University of Warwick. 

Tall, D. (1992). Conceptual Foundations of the 
Calculus. Proceedings of the Fourth International Conference on 
College Mathematics Teaching: 73- 88. 

Tall, D. (1993). Students’ Difficulties in Calculus. Proceedings of 
Working Group 3 on Students’ Difficulties in Calculus,ICME-
7, Québec, Canada: 13–28.  

Tall, D. (1995). Mathematical Growth in Elementary and 
Advanced Mathematical Thinking, (Plenary Address). 
In Luciano Meira and  David Carraher (Eds.), Proceedings 
of PME 19(1): 61–75. Recife, Brazil. 

http://matheducation.blogfa.com/post-6.aspx


N.Hashemi  et al. 

 

238 © 2015 iSER, Eurasia J. Math. Sci. & Tech. Ed., 11(2), 227-238 

 
 

Tall, D. (1997). Functions and Calculus. Retrieved from: http//: 
http://www.davidtall.com/. 

Tall, D. (2001). Cognitive Development in Advanced 
Mathematics Using Technology, Mathematics Education 
Research Journal. 12 (3): 196–218. 

Tall, D. (2002a). Advanced Mathematical Thinking (11 Ed.). 
London: Kluwer academic publisher. 

Tall, D. (2002b). Differing Modes of Proof and Belief in 
Mathematics, International Conference on Mathematics: 
Understanding Proving and Proving to Understand, 91–107. 
National Taiwan Normal University, Taipei, Taiwan. 

Tall, D. (2004a). Introducing Three Worlds of 
Mathematics. For the Learning of Mathematics. 23 (3): 29–
33. 

Tall, D. (2004b). Thinking through three worlds of 
mathematics. InProceedings of the 28th Conference of the 
International Group for the Psychology of Mathematics 
Education (4: 281-288). Bergen: Bergen University 
College, Norway. 

Tall, D. (2005). The Transition from Embodied Thought 
Experiment and Symbolic Manipulation to Formal 
Proof. In M. Bulmer, H. MacGillivray and C. 
Varsavsky(Eds.), Proceedings of Kingfisher Delta’05: Fifth 
Southern Hemisphere Symposium on Undergraduate 
Mathematics and Statistics Teaching and Learning. (pp. 23–
35).Fraser Island, Australia. 

Tall, D. (2007). Developing a theory of mathematical 
growth. ZDM. 39(1-2): 145-154. 

Tall, D. (2008). The Transition to Formal Thinking in 
Mathematics. Mathematics Education Research 
Journal. 20(2): 5-24. 

Tall, D. (2010a). Perceptions, Operations and Proof in 
Undergraduate Mathematics, CULMS 
Newsletter (Community for Undergraduate Learning in the 
Mathematical Sciences). University of Auckland, New 
Zealand, 2, November 2010: 21-28. 

Tall, D. (2010b). A Sensible Approach to the Calculus. 
(Plenary at The National and International Meeting on the 
Teaching of Calculus. 23–25th September 2010, Puebla, 
Mexico). 

Tall, D. (2011). Looking for the Bigger Picture. For the 
Learning of Mathematics. 31 (2): 17-18. 

Tall, D. (2012). Making Sense of Mathematical Reasoning and 
Proof. Plenary at Mathematics and Mathematics Education: 
Searching for Common Ground: A Symposium in Honor of Ted 
Eisenberg. April 29-May 3, 2012, Ben-Gurion University of 
the Negev, Beer Sheva, Israel. 

Tall, D., Yudariah Mohd Yusof. (1995). Professors’ 
Perceptions Of Students’ Mathematical Thinking: Do 
They Get What They Prefer or What They Expect? In 
L. Meira, D. Carraher, (Eds.), Proceedings of PME 19, 
Recife, Brazil, II: 170–177. 

Tarmizi, R., A. (2010). Visualizing Students’ Difficulties in 
Learning Calculus. Procedia Social and Behavioral Science. 8: 
377- 383. 

Thomas, w., J. (2009). Calculus and Linear Algebra. Amazon, 
USA. 

Villiers, M. D. and Garner, M. (2008). Problem Solving and 
Proving via Generalization, Journal of Learning and 
Teaching Mathematics. 5: 19-25. 

Watson, A. (2000). Going Across The Grain: Mathematical 
Generalization in a Group of Low Attainers. Nordisk 
Matematikk Didaktikk (Nordic Studies in Mathematics 
Education).8(1): 7–2. 

Watson, A. (2002). Embodied Action, Effect, and Symbol in 
Mathematical Growth. In A. Cockburn, E. Nardi (Eds.). 
Proceedings of the 26th Conference of the International Group for 
the Psychology of Mathematics Education. Norwich: UK. 4: 
369- 376. 

Watson, A. and Mason, J. (1998). Questions and Prompts for 
Mathematical Thinking. ATM, Derby. 

Watson, A. and Mason, J. (2006). Seeing an Exercise as a 
Single Mathematical Object: Using Variation to 
Structure Sense-Making. Mathematical Thinking and 
Learning. 8(2): 91-111. 

Willcox, K. and  Bounova, G. (2004). Mathematics in 
Engineering: Identifying, Enhancing and Linking the 
Implicit Mathematics Curriculum. In Proceedings of the 
2004 American Society for Engineering Education Annual 
Conference and Exposition.USA. 

Yazdanfar, M. (2006). Investigation of Studying Skills in Calculus 
for Undergraduate. Unpublished Master Thesis. Shahid 
Bahonar University.Iran. 

Yudariah Mohamad. Yusof. (1997). Undergraduate 
Mathematics Education:Teaching Mathematical 
Thinking Or Product Of Mathematical Thought? Jurnal 
Teknologi. 26(June): 23 – 40. 

Yudariah Mohd. Yusof., Tall, D. (1999). Changing Attitudes 
to University Mathematics through Problem-solving. 
Educational Studies in Mathematics. 37: 67-82. 

Yudariah Mohammad Yusof. and Roselainy Abd. Rahman. 
(2004). Teaching Engineering Students to Think 
Mathematically. Paper presented at the Conference on 
Engineering Education, Kuala Lumpur, 14- 15. December. 

 
 

 
 
 
 
 
 
 
 
 
 
 
 
 

http://www.davidtall.com/
http://www.mendeley.com/c/4557989551/p/5606181/willcox-2004-mathematics-in-engineering-identifying-enhancing-and-linking-the-implicit-mathematics-curriculum/
http://www.mendeley.com/c/4557989551/p/5606181/willcox-2004-mathematics-in-engineering-identifying-enhancing-and-linking-the-implicit-mathematics-curriculum/
http://www.mendeley.com/c/4557989551/p/5606181/willcox-2004-mathematics-in-engineering-identifying-enhancing-and-linking-the-implicit-mathematics-curriculum/

