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Abstract

In this paper, we present a research project we conducted with 27 undergraduate students in a
history of mathematics course in Greece during the academic year 2022-2023. In our study, we
presented participants with an open-ended problem with historical background and evaluated
their reactions and solving strategies. To reach findings we collected data via worksheets,
questionnaires and interviews. We intended to focus on students’ techniques for open-ended
issues while also investigating whether and how History of Mathematics may be included into its
instruction. The results showed that such type of problems is able to catch the participants’
attention and support them in experimentation and development of multiple problem solving
strategies. The students acquired a positive attitude towards the entire process, and they would
like to repeat it in other university courses, too. This study might pave the way for a new curriculum
that includes historically inspired open-ended assignments in school and university practice.

Keywords: open-ended problems, problem solving, hundred fowls problem, history of

mathematics, mathematics education

INTRODUCTION

Every day, students are confronted with situations at
school that are contradictory to them containing
challenges that need to be overcome. In order to cope
with these situations it is preferable to apply thought
processes that enable the generation of knowledge
required for the successful solution of the problems they
confronted (Dostal, 2015). Each student may face
different situations as problems, depending on various
factors (sociocultural, academic, potential, etc.).
However there seems to be no agreement among
members of the scientific community on a clear
definition of the term ‘problem’, especially with regard
to mathematics.

A specific type of problems in mathematics is open-
ended problems. Open-ended problems are those that
may have several paths to resolution and may have more
than one viable answer. The open-ended problem
strategy’s primary purpose is to give students the
opportunity to face issues according to their own ideas
(Ulinnuha et al., 2021, p. 23). Nevertheless, in many
countries, such as Greece, open-ended problems appear

not to be a significant part of curriculum and daily
teaching practice.

Additionally, mathematical problems with a
historical basis seem to have much to offer in teaching
and learning of mathematics; it is at this moment when
students participate in some activity in response to a
sample of mathematics from the past, that mathematics
and history intersect in a way that benefits mathematics
education (Chorlay et al., 2022; Furinghetti, 2020). The
integration of history of mathematics into their teaching
invites us to consider mathematics from perspectives
that extend beyond the established disciplinary subject
boundaries, as well as to situate the development of
mathematics in the scientific and technological context
of a specific time, in addition to the history of ideas and
societies (Jahnke et al., 2000, p. 292).

Furthermore, problem solving concerns the student’s
engagement on any mathematical task that is not judged
procedural or the student does not have an initial overall
idea how to proceed in solving the task and directly tied
to thinking, learning, memory, perception and
motivation (Mamona-Downs & Downs, 2013; Rohmah &
Sutiarso, 2018). This perspective is essentially based on
the classic work of George Polya, the father of modern
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Contribution to the literature

e The research proposes historically inspired open-ended tasks can have a significant effect on students’

engagement.

e The research highlights the relationship between history of mathematics, mathematics education, open-

ended tasks and problem solving.

e Theresearch details the historical background and mathematical elaboration of “hundred fowls problem”.

problem solving (Awofala & Ajao, 2021), how to solve it
(Polya, 1945), and still includes heuristics,
metacognition, identification of students’ thinking
patterns, and more. Problem solving has been a
prominent subject in mathematics education for the past
four decades, and research studies have focused heavily
on the function of heuristics and their influence on
students’” problem-solving ability (Mousoulides &
Sriraman, 2020).

Our research’s main aim is to expose undergraduate
university students to open-ended problems with
historical background and give them the chance to
approach this type of problems by developing their own
strategies. We chose a classical issue from history of
mathematics to deal with, the so-called “hundred fowls
problem”, which we extensively analyze in the third
paragraph of this paper, because

(@)it has a great historical background and
mathematical interest, since it leads into solving a
linear system of Diophantine equations,

(b)it gives the students the chance to develop
multiple different strategies, and

¢) it is an open-ended problem. As far as is known,
P P

there has not been much work on this subject,
particularly in Greece.

Thus, this research might pave a part of the path for
the development of a new curriculum in secondary
or/and tertiary education.

In this paper, we present a research we conducted
during the winter semester of the academic year 2022-
2023 in two-hour sessions with subjects 27
undergraduate math students who attended the course
“history of mathematics” in a Greek university
department. The research combines components from
history of mathematics and mathematical problem-
solving processes. The data of the research were
collected either in written form (from each participant’s
worksheets) and via interviews (verbal with each
participant, during the solving, after the solution and
overall feedback). The data was then classified using
tables with characteristics such as different approaches,
students” groups, frequency of replies and more, and are
presented below in detail. We noticed that challenges
like these were never before encountered by the specific
students; it was an unknown path for them, and the
uncertainty caused participants to switch between
strategies and methods. This entire procedure has rattled
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them out of their previously recognized standard
educational context, allowing them to experiment and
form conjectures. The results demonstrated that such
issues may capture participants’ attention and lead to
experimentation and the creation of numerous problem-
solving solutions. The students praised the entire
procedure and expressed a desire to replicate it in more
academic courses. All the above, as well as some
limitations and difficulties, are discussed extensively in
the last two paragraphs of the paper.

THEORETICAL ISSUES

About Uncertainty

The state of uncertainty in general is considered to be
an undesirable situation, which refers to the doubt that
exists about whether or not a particular result will occur,
is intertwined with ignorance and risk (Hogarth &
Kunreuther, 1995; Keren & Gerritsen, 1999), and defines
our times to a great extend (Scoones, 2019). In the
mathematics classroom, uncertainty is the experience of
students encountering questions or tasks that are
unfamiliar to them or in which they are unsure of the
solution type or solution method, regardless of whether
they have previously received instructions for the task or
the subject (Buckley & Sullivan, 2021). Uncertainty is a
productive state, a necessary precondition for learning
(Rowland, 1995). More specifically, according to Manz
(2018), for uncertainty to be productive, it must be
strategically designed into the learning environment and
carefully managed by teachers.

The term “uncertainty” can also describe the
behavior of a student in the mathematics classroom who
feels uncertain about another student’s opinion, a
process, a concept, a method or a result, but this does not
mean that his/her uncertainty is identical with
ignorance. On the contrary, the feeling of uncertainty
presupposes the existence of some knowledge of what
exactly one feels uncertain about. The above view of
uncertainty leads to exploration and speculation and
places the students on the boundaries of their knowledge
(Goos et al., 1999), thus making uncertainty a possible
prerequisite for the activation of the zone of proximal
development (Vygotsky, 1978, p. 86). However, a
student may recognize the uncertainty inherent in an
issue but choose to accept it and not seek to abrogate it.
In this respect uncertainty is a necessary but not sufficient
condition for the beginning of the learning process.
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Zaslavsky (2005) considers that uncertainty is often
associated with cognitive conflict, a psychological state
involving a discrepancy between cognitive structures
and experience or between various cognitive structures
(Waxer & Morton, 2012), and consequently, if treated
with care, can be linked to the development of new
knowledge. Thus, she uses uncertainty as a guide for the
construction of tasks aimed at cognitive conflict, while
describes three interrelated types of uncertainty
(competing claims, unknown path or questionable
conclusion, and non-readily verifiable outcomes)
entailed in certain mathematical tasks. According to
Zaslavsky (2005, p. 302) the second kind of uncertainty
(unknown path or questionable conclusion) is related
with inquiry, exploration tasks and open-ended
problems.

Open-Ended Problems

In the context of mathematics education, open-ended
problems are generally non-routine problems open to the
interpretation of situations that describe, amenable to
multiple correct answers as well as to various problem-
solving strategies. Pehkonen et al. (2013) classify tasks as
open, if the starting or/and goal situation are not exactly
given. Skovsmose (2020) describing the objective of
critical mathematics education considers that open-
ended situations must be created and in these, to let
mathematics grow. Since “problem solving” means
engaging in a task for which the solution method is not
known in advance (NCTM, 2000, p. 52), open-ended
problem solving provides a free and supportive learning
environment for students to develop and express their
exploration, collaboration with each other, discovery
and mathematical understanding (Kosyvas, 2016).
Researchers seem to agree that the open-ended learning
model has a positive effect on students” improvement of
their mathematical problem solving abilities (Hafidzah
et al, 2021; Tanjung et al., 2020). Furthermore, it is
widely accepted that open-ended problems can enable
students to improve their mathematical creative
thinking abilities (Fatah et al., 2016; Ulinnuha et al.,
2021), as well as open-ended problems with multiple
answers and problem-solving strategies are effective in
increasing divergent thinking (Murwaningsih &
Fauziah, 2022). Similarly, mathematical groups that
utilize highly active mathematical thinking skills with
open-ended problems are also effective in fostering
creative problem-solving abilities, and students are
prepared to cope with realistic situations they will have
to face out of school, unlike many traditional classes that
focus on closed problems (Bonotto, 2013, p. 53; Yuniarti
etal., 2017, p. 662-663).

Although much research has been done on open-
ended problems over the last 30 years (Baba & Shimada,
2019; Cifarelli & Cai, 2005; Ibrahim & Widodo, 2020;
Pehkonen, 2017) and mathematicians engage in
problems that are full of uncertainty or wish to invite

uncertainty into their classrooms (Beghetto, 2017), most
curricular, textbooks and pedagogical approaches rarely
offer students this open-ended view of mathematics and
concentrate on students’ creativity (Bicer et al., 2021).
Especially in the Greek secondary education system
open-ended problems are completely absent, while from
the school year 2023-2024 it seems that there is the
intention on the part of the Ministry of Education to be
admitted to the junior and senior high schools’ curricula.
However, it remains to be seen exactly how this
ambitious plan will be implemented in the context of
teaching practice, since educators have neither
experience in constructing and managing such problems
nor the appropriate tools for assessing students (cf. Bobis
et al., 2021; Randles et al., 2018). Some of the variables
that can be considered for mathematical open-ended
problem solving are students” mathematical knowledge,
creativity, general intelligence and verbal ability (Bahar
& Maker, 2015).

Notes on the History of Problem Solving

Although the term “heuristic” comes from the phrase
“Eureka!” which, according to myth, Archimedes
exclaimed when he discovered his principle and solved
the problem posed to him by the king of Syracuse, the
first rules of heuristics were set by Pappus of Alexandria.
Pappus in Book 7 (On the domain of analysis) of his work
Mathematical collection describes the method of “analysis
and synthesis” in such a systematic and clear way that it
still surprises us (Cuomo, 2007; Katz, 2009). Since then,
many have meditated upon the problem-solving
process, while many more have looked for the “rules of
discovery” that were supposed to solve all possible
mathematical problems, just as alchemists searched, in
vain, for the “philosopher’s stone” (see Polya, 1945).

In this long, and not always linear, path, we single out
Descartes and Leibniz for the purposes of our study. For
the former, each problem he solved in analytic geometry
and algebra became a rule that was then used in the
solution of other problems, as he himself mentions in his
Discourse on method. For the latter, the calculus he
devised was the method for solving scientific and
philosophical problems (Grabiner, 1995) within the
framework of a scientia generalis-a utopia that no one
believes in anymore but without it, it is likely that
theoretical computer science and artificial intelligence
(Al) would not have evolved, at least as they have.

A turning point in the history of problem solving was
the publication of George Polya’s classic book How fo
solve it (Polya, 1945). This book contains a list of
heuristics and has had a profound influence on
mathematics education up to the present day. The books
Mathematics and plausible reasoning (Polya, 1954) and
Mathematical discovery (Polya, 1962) followed, thus
dividing the world of problem solving into two eras:
before and after Polya (Schoenfeld, 1987). Later,
Schoenfeld (1985, 1992) refined the principles of problem
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Figure 1. Milestones of problem solving (Source: Authors’
own elaboration)

solving to the level of teaching practice and classified the
strategies that students follow.

Another point of interest is the fact that since the late
1980s problem solving has been introduced into the
curricula. According to the National Council of Teachers
of Mathematics (NCTM), problem solving is a goal of
learning mathematics and at the same time a major
means of doing so (NCTM, 2000).

Today, problem solving can be divided into types
(reflective, creative, etc.), depending on the problem
(open-ended or closed), the teaching and learning
objectives, the classroom management, the use of digital
tools, etc. Especially digital technologies provide many
possibilities for learners and open new perspectives in
problem solving (Liljedahl et al., 2016), to such an extent
that a computer-based problem-solving methodology
can be created, where the computer is used as an
assistant to the human brain-not the other way around
(Rus, 2016). Figure 1 depicts the milestones of problem
solving.

HISTORICAL BACKGROUND AND
MATHEMATICAL ELABORATION OF
THE “HUNDRED FOWLS PROBLEM”

The “hundred fowls problem” is a famous open-
ended problem with strong roots in history of
mathematics. Is considered as one of the oldest examples
of indeterminate analysis (Yong, 1997), specifically a
system of linear equations which has more than one
solutions under some constrains for the variables. The
“hundred fowls problem”, which is Zhang Quijian’s
final problem in Zhang Quijian suanjing (Zhang Quijian’s
mathematical textbook) about the second half of the 5t
century AD, is about this (Libbrecht, 1973, p. 277):

“A cock is worth five ch’ien (copper coins), a hen
three ch’ien, and three chicks one ch’ien. With 100
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coins we buy 100 of them. How many cocks, hens,
and chicks are there?”

The above formulation, in modern symbolism, leads
to following linear system of two equations with three
unknowns:

x+y+z=100, 1)

1
5x +3y +2z =100, (2)

where x,y,z € N* (x < 20,y < 33,z < 300) are the cocks,
hens and chicks, respectively. Zhang Quijian provides
the answers: (4, 18, 78), (8, 11, 81), and (12, 4, 84),
however it is unclear how he arrived at them.

Some variations of the hundred fowls problem can be
found in Alcuin’s of York (England, 8% century)
Propositiones ad acuendos juvenes (Hadley & Singmaster,
1992) and Yang Hui’'s calculating methods (Yang Hui
Suanfa, China, 13t century) where detailed explanations
on how to find solutions are provided (Yong, 1977).

A similar but more complex hundred fowls problem
appears in Mahavira’s (India, 850 AD), Ganita-sarah-
sangraha (Compendium of the essence of mathematics). A
short explanation of a method for finding a solution
based on the selection of relevant parameters is included
in this book (Gupta, 2008, p. 1267-1268). The problem
may be represented in contemporary terms as a system
of two Diophantine equations with four unknown
variables, with 16 solutions. Further on, Abu Kamil
(Egypt, 9t-10th centuries) wrote Kitab al-tair (The book of
birds), a brief disquisition that includes an introduction
and six questions that are comparable to the “hundred
fowls” issue (Sesiano, 2008). Abu Kamil was the first
who focused on the fact that an issue like that might have
so many answers, and that was why he authored Kitab
al-tair (Sesiano, 2009).

Leonardo of Pisa (Italy, 13% century) wrote the
masterpiece Liber Abaci, which included not only
algorithmic rules using the Hindu-Arabic numerals, but
also a variety of practical problems known today as
“recreational mathematics” (Devlin, 2011, p. 69). The
hundred fowls problem is revisited in the last three
questions of chapter 11. Although Leonardo’s solution is
neither elegant nor formal, the manner in which he
presents it is. The mathematician and astronomer
Jamshid al-Kashi (Persia, 1427 AD) published his most
important work, Miftah al-hisab (Key to arithmetic), in
which another form of the hundred fowls issue emerges.
Clearly, the aforementioned problem has attracted a lot
of attention in the Arabic world (Kangshen et al., 1999,
p. 420-421).

Hundred fowls problem and similar recasts also
appear in the works of Christoff Rudolff (Germany, 1525
AD) Coss, Seki Takakazu (Japan, 1683 AD) and Leonhard
Euler’s Elements of algebra, along with formal methods
and rigorous rules for finding solutions (Campbell &
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Table 1. Statistics for the research participants

Participants Gender Total
Male Female
Academic year 1t 9 13 22
2nd 3 2 5
Total 12 15 27

Higgins, 2019; Euler, 1828). A complete historical
overview of the hundred fowls problem can be found in
Rizos and Gkrekas (2022b).

Many solving techniques have been proposed for the
hundred fowls problem, in addition to the different
formulations of it. The “trial and error” method in
Chinese mathematics (Brandenburg & Nevenzeel, 2007,
p- 77) was probably the first basic approach. Another
method, also credited to Chinese mathematicians, is to
replace a variable with a parameter multiplied by a
constant and then solve the resultant linear system.

Alcuin of York comes up with an intuitive one-of-a-
kind solution using an arithmetic procedure and proper
variable selections. This strategy works “backwards”, in
that we try to validate a solution that we already have in
mind, which is clearly based on trials.

The dilemma of the hundred fowls is broken down
into simpler connections by Leonardo of Pisa. He
determines how many and which fowls may be
purchased with a particular number of coins and then
develops a linear combination of the aforementioned
relationships to arrive at the given fowl numbers and
coins. The solution is given verbally, with the relations
to write down in the margins of the pages of Liber abaci.

In our research project, which we describe in the next
paragraph, we suggested and discussed with our
students three solving strategies for a problem
completely similar to the “hundred fowls”, based on
elementary mathematics. In the first one we eliminate
the variable z from Eq. (1) and Eq. (2) and thus a new
equation,

y=—£x+25, (3)

is created, which is essentially a linear Diophantine
equation with unknowns the natural numbers x and y.
Since the first member of Eq. (3) is a natural number, the
second member must also be a natural number.
Therefore x must be a multiple of four. Only multiples of
four that satisfy the condition x<20 are 4, 8§, 12, and 16.
Of these, only the first three lead to the valid solutions of
the problem (4, 18, 78), (8, 11, 81), and (12, 4, 84).
According to the second solving strategy, setting z=3t
in Eq. (1) and Eq. (2) results a parametric system, which
we solve using determinants, considering as before the
constraints for the unknowns. Finally, in the third way,
we consider the linear Eq. (3) as a line in the plane
(specifically in the first quadrant) and look for the points
with integer coordinates through which it passes. For
this purpose we used the dynamic geometry software

GeoGebra, as Meadows and Caniglia (2021) and Zengin
(2018) did very successfully in a history of mathematics
course.

THE PROJECT AND ITS RATIONALE

In the winter semester of the academic year 2022-
2023, in a mathematics department in central Greece, we
carried out a qualitative research project with 27
participants: 22 students from the first academic year
and five from the second one (Table 1). The research was
conducted face-to-face in class. The first author of this
paper was the class teacher, while the second was an
observer who took notes but did not interfere in the
educational process. In the last academic year 2021-2022
the courses were also held face-to-face at the above
University after three semesters of distance learning
(Spring 2020 and 2020-2021), when all courses were
taught remotely via the MsTeams platform and eClass
learning management system, due to restrictive
measures against the spread of COVID-19 coronavirus.

There were some important factors that we took into
consideration before the implementation of the project.
One of them was the existing curriculum and knowledge
offered at the Greek secondary and tertiary education.
The freshmen have been taught in high school two
dimensional “analytic geometry” (vectors and lines in
the plane) and “algebra” (equations and parametric
equations of first and second degree, functions,
trigonometry, polynomials and 2x2 and 3x3 linear
systems of equations) and determinants and matrices in
the compulsory course “foundations of mathematics”
offered at university. The sophomores have in addition
attended the compulsory course “linear algebra” (matrix
analysis, determinants, vector spaces, and linear maps)
and just one of them the elective course “introduction to
number theory”. Another one important factor was that
the participants were our students, so we were able to
know, at least to some extent, that they were of different
educational and sociocultural levels, with various
scientific interests and extracurricular activities. All of
them were familiar with technology, had social media
profiles and were able to use their mobile phones and
tablets easily (Rizos & Gkrekas, 2022a).

In the context of the elective course “history of
mathematics” offered at the first academic year at our
university department, we had two two-hour meetings,
which were four days apart in the same week, with 27
undergraduate students who had chosen this course.
Using ICTs (presentation program, wikis, e-books, sites,
etc.) we presented the life and work of Diophantus of
Alexandria, mainly through the original sources
Anthologia Palatina and Arithmetica, and we gave
examples of Diophantine equations. We discussed the
classic “Diophantus’ riddle” about how many years
Diophantus lived (see Pappas, 1989, p. 123), which we
solved together with our students.
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After that introduction of 45 minutes, we gave to the
students a worksheet with a different expression of “the
hundred fowls problem” entitled “The hundred
amphorae problem” written by ourselves, accompanied
by an image of three amphorae (provided as Appendix
A). The problem we posed was the following;:

“In the time of Diophantus (3'¢ century AD), in
Alexandria, as in the whole Greek world, the main
means of transport and storage of goods such as
olive oil, wine, cereals, etc. was the amphora. A
workshop in Alexandria made three types of
amphorae. Type A cost five coins, type B cost
three coins, while with one coin you bought three
types C amphorae. How many amphorae from
each type, a total of 100, could one buy with 100
coins?”

We chose the above formulation instead of the typical
of “hundred fowls”, considering that this way our
students will be involved in the educational process,
without losing the essence of the original problem,
because we had just introduced them to the life and work
of Diophantus, thus making the historical context
familiar. Besides, on the days of our teaching
intervention the syllabus of the course “history of
mathematics” provided for the introduction to the
Diophantine equations, the mathematical methods in
Hellenistic times and the contribution of Apollonius,
Hipparchus, Ptolemy, and Diophantus to the evolution
of mathematics and astronomy.

Greek students are not accustomed to deal with open-
ended problems in secondary and tertiary education, so
we assumed that such an original wording as “The
hundred amphorae problem” could catch their attention.
In other words, we sought to create a challenging didactic
situation, that is a project organized so as to cause one or
some students to appropriate some piece of
mathematical reference knowledge (Brousseau &
Warfield, 2014), using an open ended problem with
respect to more than one solutions which can be
approached with distinct techniques. Didactic situations
favor the development of mathematical reasoning by
students and at the same time provides the teacher with
the appropriate environment for substantial
mathematics education in the classroom. As it turned
out, our choice was satisfactorily justified; one student at
the end of the project stated that

“the problem was interesting and original. I kept
thinking it even after the class ended when I got
home. It challenged my mind, which I liked a lot.
It was an effective lesson.”

According to the student-centered learning, which
emphasize student responsibility and activity in
learning (Attard et al., 2010; Slavich & Zimbardo, 2012;
Todorovski et al., 2015) and considering that reciprocal
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teaching is an effective methodology able to create an
interaction-rich and diverse environment especially
when is used for problem solving (Palincsar & Brown,
1984; Tarchi & Pinto, 2016; van Garderen, 2004), we
randomly divided the students into six groups of four
and five and we gave them an hour and a quarter to deal
with the problem. During that time, we roamed from
group to group without intervening unless the students
asked us to and noted students’ ideas and approaches.
Most of that approaches were based on intuition and the
“trial and error” method, while others found multiple
dead ends due to the “lack of a third equation”, as several
students wrote. Then, we collected the worksheets, and
we analyzed them, together with our field notes based
on students’ reactions.

In the second meeting four days later, after informing
the students about the history of “The hundred
amphorae problem”, we discussed with them their
approaches to the problem and we presented
successively to the classroom three different ways of
solving it, taking steps together with the participants.
Then we handed to the participants a questionnaire
(provided as Appendix B) consisted of two closed-
ended questions in 5-point Likert scale (Jamieson, 2004)
and one open-ended question in order to assess the
teaching intervention and give us feedback. The
questions were, as follows:

1. The two lessons this week were interesting: not at
all, a little, quite, much, very much.

2. I'would like to encounter such problems as that of
“The hundred amphorae”, more often at
University: strongly disagree, disagree, neither
agree nor disagree, agree, strongly agree.

3. In one paragraph (approximately 100 words),
please rate this week’s teaching intervention.

In general, students” comments were positive, and it
was clear that, regardless of whether or not they
managed to solve the problem, they would like to relive
such a “different and uncommon” learning experience,
according to a student. At the end of the second meeting
we had the opportunity to have a free discussion with
our students about the whole process.

What we mainly wanted to investigate with our
teaching intervention was:

(a) what strategies do Greek math students follow in
order to deal with open-ended problems and

(b)if and how elements from the history of
mathematics can be utilized in teaching and
learning mathematics.

Our research has shared similar philosophy as other
researchers in open-ended problems, and history of
mathematics, focused tasks and riddles (Papadopoulos,
2020; Yazgan-Sag & Emre-Akdogan, 2016). That way we
can compare some of our participants” reactions to the
reactions of other participants in other projects and
experiments. Similar research in groups of participants,
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in that case prospective math teachers, not
undergraduate students, has been done and shown that
facing difficulties and different situations in problems
with historical background can change their path of
thought and their pedagogical style (Clark, 2012;
Furinghetti, 2007; Weldeana & Abraham, 2014). Another
approach, closer to ours, is where the researchers
suggested to the classroom that they cooperate in solving
an open-ended problem, to improve their teamwork
skills and come closer to a result (Suastika, 2017). In
tandem with the history-focused tasks, math tasks
played a crucial role in engaging teachers with teaching
situations they are likely to face in the classroom and,
through the discussion of said situations, provided
opportunities to identify evidence of shifts in the
teachers” mathematical and pedagogical discourses
(Moustapha-Correa et al., 2021, p. 9).

In the second meeting we used a questionnaire for the
participants to assess the process and their experience in
our project (Appendix B). Researchers on the topic of
problem solving in education seem to agree with the
method of collecting data from the students via
questionnaire. The technique of collecting the data in this
study was a non-test of students’ learning interests. The
non-test used had passed a test with construct validity,
content validity, and reliability, namely a questionnaire
with 27 statements (Wulandari, 2021, p. 152).

Whatever content one tries to give to the term
“mathematics education”, this term will include
references to the historical evolution of mathematics and
its interaction with other sciences, to the complex
phenomenon of classroom teaching in a specific social
context, as well as in technology and human culture.
Thus, our didactical approach combines problem
solving together with history of mathematics in
mathematics education. On the one hand we are
interested in the different strategies that students adopt
in order to solve an open-ended problem. On the other
hand, as we saw in the previous paragraph, there is an
exciting timeline of almost 1,800 years regarding to the
“hundred fowls problem” and its variations, which we

Table 2. The categories of strategies by the participants

would like to keep alive in everyday school and
university practice as we believe that, among other
aspects, it can be a source of inspiration for students.

ANALYSIS OF RESEARCH DATA

The approach of triangulation was one of the
fundamental methods we employed in our research in
order to organize the evidence. In empirical research,
triangulation refers to the combining of several aspects
(theories, methodologies, data and observer
viewpoints). We generally followed Denzin’s (2009, p.
310-311) multiple triangulation technique, which
advocates the use of numerous data collection methods
over different time periods, as well as the participation
of researchers with diverse expertise and roles. More
specifically, methodological triangulation, a form of
triangulation, refers to the combining of diverse
approaches with the purpose of mutual validation of
results or of obtaining a more sufficient and
comprehensive image of the topic area through
complementary outcomes (Kelle et al., 2019, p. 18).

In our situation, the three components are, as follows:

(a) the observer’s point of view, in which an observer
made notes during the experiment while without
interfering with the procedure or the subjects
(different viewpoints of two researchers),

(b) interviews, which were conducted by one
researcher (the teacher) with some of the students,
providing us with important pieces of dialogue,
and

(c) the data, which consists of the worksheets that we
received before (Appendix A) and after the
experiment ended (Appendix B), on which each
participant wrote down their methodology and
thought process and their comments about the
experiment.

The collected data in this paragraph are also
organized in two tables (Table 2 and Table 3).

M Description F  P(%)
1 These students set additional variables in order to create equations to solve the problem. Specifically, 2  7.40
they set A, B, C for each type of amphora and x, y, z for the corresponding number that one can buy.
Although, they came to a dead-end because they had to solve a system with 6 unknowns.
2 These students tried to find a 34 equation by using algebraic properties & combining Eq. (1) & Eq. (2). 3  11.11
3 These students tried random combinations of variables (“trial & error” method). Three of participants 4  14.81
applied random combinations while another one applied “most costly amphorae” strategy (group C).
4  These students set an appropriate number in place of the variable z (a multiple of three) and solved the 1  3.70
2x2 resulting system of equations.
1+3  These students tried the first method & then they changed their strategy to “trial & error” method. 7 2592
2+3 These students tried the second method & then changed their strategy to “trial & error” method. 7 2592
4+3 These students tried the fourth method & then changed their strategy to “trial & error” method. 2 740
2+4 These students tried the second method & then changed strategy to the fourth method. 1 370
Total 27 100.00

Note. M: Method; F: Frequency; P: Percentage
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Table 3. Students” answers to the first two questions of the questionnaire

Questions SD D NAD A SA
This week’s two lessons were interesting. 0(0.00%) 2(7.40%) 7(25.90%) 9 (33.33%) 9 (33.33%)
I would like to encounter such problems as that of “hundred 2 (7.40%) 1 (3.70%) 3 (11.11%) 12 (44.44%) 9 (33.33%)

amphorae”, more often at university.

Note. SD: Strongly disagree; D: Disagree; NAD: Neither agree nor disagree; A: Agree; & SA: Strongly agree

The reason we chose this way of categorizing the
evidence was mainly to provide a coherent account of
the data and to have an-as much as possible-complete
and certain image of the participants’ reactions and
strategies. This technique of using multiple ways of
collecting data, such as worksheets with an open-ended
problem and then interviews in groups of participants,
has been integrated in similar research (Rahayuningsih
etal., 2021).

The Task

In all the worksheets there were Eq. (1) and Eq. (2).
However, almost every student in every group, at least
in the beginning, was looking for “a third equation” in
order to make the number of equations equal to the
number of unknowns “so that the system can be solved”,
according to first-year student Ares!.

Most students multiplied Eq. (1) by three to eliminate
the unknown z and either they were led to a “dead end”
because they emerged an equation with two unknowns

(7x + 4y = 100 or, equivalent, y = —%x +25 [3]), or
they tried to give arbitrary values to x and y to satisfy it
(the “trial and error” method). Next we describe the
ideas and strategies of the members of each group.

Group A

The members of the group (three girls and one boy)
did not have good cooperation with each other. Most of
the time the three girls worked together and left the boy
to work alone. After the first 15 minutes the group had
difficulty figuring out how to define the variables (they
set A, B, C for each type of amphora and x,y, z for the
corresponding number that one can buy).

After everyone reached a dead end, they decided to
seek the help of the teacher, in the middle almost of the
available time. The teacher facilitated them by saying
that they do not need so many variables and that the
problem can be solved only by considering x,y,z. Ten
minutes later everyone had come to Eq. (1) and Eq. (2),
however it seemed that the confusion between the
variables remained. Two students had the idea to write
the extra relationship

y =9z “4)
believing that they would eventually buy nine times the

number of type B amphorae compared to type C
amphorae, because the price of type B amphorae is nine

times the price of type C amphorae. However, trying to
solve the system of Eq. (1), Eq. (2), and Eq. (4) led again
to a dead end.

Group B

The members of the group (three girls and one boy)
did not cooperate very effectively. Firstly, they did not
really show any interest in solving the problem or
working as a team. After 20 minutes of attempting, a
member gave up. Then, verbally, they had an intuitive
understanding about “Pythagorean triplets”, but they
rapidly changed their minds. Following that, they begin
to work more systematically, only to reach a dead end,
producing apparent dissatisfaction and uncertainty. To
discover a proper solution to the problem, all of the
participants focused on applying the “trial and error”
technique. Unfortunately, they were unable to locate the
triplet.

Group C

This group’s members (three boy and one girl)
collaborated just mediocrely. They spent 15 minutes
debating the issue and conversing with one another.
After a half-hour, they discovered a slew of dead ends
and loops in their thinking. They found two equations
and continued to search for the third in order to solve the
linear system, which they already knew how to do. 10
minutes later, a participant recommended removing the
first two equations to obtain the third, but this yielded
no results. One of them was unconcerned about the
situation and just copied his colleague. The other began
with trials on the costliest of the three amphorae (type A)
and using approximation he attempted to identify the
other two variables assuming he had already spent 100
coins. Another student attempted to fix this using
several formal transformations, and the team followed
suit, but with little success.

Group D

This group consists of one boy and four girls. They
instantly requested help from the teacher, but he did not
give it to them, encouraging them to cooperate. After
about five minutes, they began utilizing the “trial and
error” technique and choosing random values for the
variables. They gave up after half an hour of attempting
solving the problem. They merely considered making
some restrictions concerning values (on maximum and
minimum) before giving up for good. Some students

1 We give to the students fiction names based on Greek mythology in order to preserve their anonymity.
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began to use random values for the variable z (amphorae
type C), such as three. Then they ran into some
inequalities concerning the number of each form of
amphora (5x <100=>x<20 and 3y <100=>y<
33,33 ..). Finally they attempted other numbers and
obtained an answer with 100 coins but not 100
amphorae.

Hera, first-year student, arbitrarily set z =30 in
equations (1) and (2),

“because with the data of the exercise we get two
equations and our unknowns are three, we will
inevitably put a random variable equal to a
constant number in order to find solutions that
verify it,”

without however worrying about the fact that the
ordered pair (x,y) she came up with did not consist of
natural numbers (specifically x = —60).

Group E

This group (three boys and two girls) was quite
functioning and effective. The members felt free to share
their thoughts and challenge one another. Within the
first 10 minutes, they began looking for the third
equation. Then they divided into subgroups with
diverse methods and ideas. When one participant
quickly utilized the “trial and error” technique, another
member thought formally and continued trying to
obtain the third equation. They appeared to be interested
in answering the mystery, and as time passed, they all,
as a team, went through a number of psychological
phases (anger, stubbornness, etc.), and their mood
fluctuated frequently. Using his intuition, one of the
participants came up with the solution (6, 20, 30) using
100 coins but not 100 amphorae. Another member
picked at random to set the variable z = 0 and then
attempted to solve the problem, but to no avail. After the
girl’s remarks on the issue, they attempted a new way
and intended to apply formulae from the course Linear
Algebra; therefore they began the following discussion
with the teacher:

Athena (second-year student): There should be a
third equation!

Teacher: Why is that obligatory?

Athena: I know I must have as many equations as
unknowns.

Teacher: Can you solve this equation (x — 2)% +
(y +3)? = 0? [the teacher writes on Athena’s
worksheet]

Athena: Yes, I think I can.

Teacher: Why? This is one equation with two
unknowns, similar to the riddle.

Athena: This is quite easy. We have an obvious
solution here... Wait a minute! We could maybe
solve the riddle with the use of formulas from
linear algebra.

Teacher: What kind of formulas? If I gave you
them, could you solve it?

Athena: Yes, we could! We would apply them and
just get the solution!

It seems that Athena considered the counterexample
brought by the teacher as a “special case”, still believing
that in order to find n unknowns she must have n
equations. She thus resorted to the certainty provided by
the formulas-specifically those of linear algebra.

Group F

The last team (three boys and two girls) was the only
one who partially solved the problem. The last variable
was attempted to be expressed as a linear combination
of the two others after one girl's suggestion. She
reasoned that there could not be a solution with 100
amphorae, thus she proposed that the riddle did not
have one. Then, the team experimented with identifying
the multiples of a variable and then “filling in the gaps”
with trials for the other two variables. They discovered
all the multiples they could and began attempting, but to
no avail. After that the participants started using the
“trial and error” method and after a whole hour, one of
them found one of the three valid solutions, namely the
(x,y,z) = (8,11,81) with eight amphorae type A, 11
amphorae type B and 81 amphorae type C, costing 100
coins totally. When the member of the group that
suggested this method presented the solution to the
teacher, the teacher asked him a question in order to
understand his aspect:

Teacher: Is this the only valid solution?

Hermes (first-year student): I guess so, but I
cannot prove it. Maybe there could be a
combination in the formula 7x + 4y = 100 ...

We knew in advance that the task would not have a
high “success rate”, in the strict sense, because the vast
majority of the participants had not been taught number
theory or Diophantine equations. Therefore it would be
very difficult for them to find a proper methodology that
would lead them to a complete solution. However, the
primary concern for us was not just “to find the solution”
but, observing our undergraduate students, to focus on
the solving strategies they develop and the extent to
which they engage when exposed to open-ended
problems with a historical context.

We divided the participants into groups because they
have gone through one and a half year of isolation due
to the pandemic outbreak (March 2020-August 2021) and

9/17



Rizos & Gkrekas / Open-ended problem solving in a historical context

we thought it would be beneficial for their social
evolution and collaboration with each other. Indeed, not
only they had social interaction, which was very needed
by the time, but they also got to experience a very
different environment of teamwork, which is not the
case in Greek universities. Furthermore, working in a
group can boost collaboration and idea sharing among
students since they may feel more ready to share work
with their peers (Deep et al., 2019, p. 18).

In Table 2, we can see the final distribution of the
different aspects and approaches of the students.

Students’ Opinions about the Project

In order to investigate the opinions of the students
who participated in the project about the problem we
posed and the whole teaching intervention, we asked
them to fill in a questionnaire with three questions. The
answers we received from the above questionnaire,
together with the notes we took from both meetings and
the discussion we had with our students, provided us
with the necessary feedback. The implications of these
views will be discussed in the next paragraph. The data
we collected from the answers in the first two multiple
choice questions in the feedback questionnaire
(Appendix B) are presented below in a 5-point Likert
scale:

From the comments we received as well as from the
notes we kept from the discussion that took place at the
end of the process, we quote some indicative student
views.

Comments

Rhea: I did not expect it because we know that
Mathematics leads to specific results. In the
problems [that we solved at school] we always
found one or two solutions, but we rejected one
e.g. if we found a negative length or time we
rejected them. We did not find many pairs or
triplets like here.

Athena (second-year student): The exercise
caught my interest and I worked hard, but I did
not come up with a solution.

Helen: I was impressed by the story and how
many solutions you can find if you search [...]. I
would love to be a part of this experience again
and a similar project.

Following the conclusion of the teaching
intervention, we considered various requests from
students to provide them the solution (and multiple
ways of solving the riddle). So we demonstrated the
three ways we described at the end of paragraph 3 (see
more in Rizos & Gkrekas, 2022b, p. 4-6).
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DISCUSSION

In our research, we wished to examine
undergraduate students’ strategies on open-ended
problems and at the same time to investigate if and how
history of mathematics can be integrated in its teaching.
The answer to our first research question is

(a) students understood, at least to some extent, that
a problem can have different solutions without
any of them being “appropriate” or the most
acceptable and

(b) students partially lost their certainty that
“mathematics always leads to certain results”.

The answer to second research question is that
history of mathematics can play the role of an
environment that can activate the students and in
parallel give them the ability to evolve their different
strategies. That notion about historical mathematical
challenges is close enough to history-focused tasks of
Moustapha-Correa et al. (2021).

No one of participants had ever seen a similar
problem and therefore, they did not know how to
approach it. This whole experience was an unknown but
challenging path for the participants. The uncertainty
inherent in the “hundred amphorae problem” led the
students to develop alternative solution strategies, at
least compared to those they had been taught at school
and challenged somewhat their entrenched notions of
pre-existent knowledge of the methodology and the
uniqueness of the solution. However, the query of
whether we wish to present such difficulties to our
students or pupils, given that they are absent from the
daily school and university practice, remains open and
critical. But what has research nowadays shown about
students’ adaptability in changes in level of education?
Researchers who also used open-ended questions,
discovered that, while students’ transition experiences
appear to be uniform on the surface, significant
differences emerge for motivation to pursue
mathematics degrees, motivations for changes in
perceived competence, and the impact of university
mathematics formalism (Di Martino et al., 2022).

Perspectives on mathematics education have shifted
over the last decades to stress conceptual understanding,
higher-level problem-solving processes, and children’s
internal constructions of mathematical concepts in
instead of, or in addition to, mechanical and algorithmic
learning (Leavy & Hourigan, 2020). There does not
appear to be any compelling evidence that problem-
solving teaching has a detrimental influence and as a
result, issue posing may be a good tactic for boosting
students’ problem-solving skills for teachers wishing to
at least update their teaching approach and offer more
contemporary methodologies (Calabrese et al., 2022). A
significant part in problem solving seems to be the ability
to understand when to change strategy and having a
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feeling of uncertainty when approaching the problem. In
general, uncertainty seems to be a very important
characteristic of scientific progress. Uncertainty can lead
participants to a safer, more natural response to an
unknown problem, which is the “trial-and-error”
method. Our research participants were less meticulous
in their estimations when trying to solve the problem,
and their strategies were similarly trial-and-error in
character (Puspitasari et al., 2019). It also seems that our
data confirm that approach. In the vast majority of the
participants, the “trial and error” method was used
sooner or later (see methods 3, 1+3, 2+3, and 4+3 in Table
2).

In our research open-ended problems with historical
context were shown to tend to reframe uncertainty in
mathematics classroom, so they could play the role of
appropriate teaching material or/and instructional
technique for the benefit of mathematical teaching and
learning (cf. Buckley & Sullivan, 2021). The usage of such
issues has the benefit of posing the challenge of whether
a solution or a list of solutions obtained in this manner is
comprehensive. Observing our students” attempts and
documenting their conjectures while trying to eliminate
any ambiguity on this resulted in a number of valuable
reports of their solution behavior like Poulos and
Mamona-Downs (2018) observed. Thus, history of
mathematics had a positive effect on students’ interest in
mathematics. With that conclusion, other researchers
seem to agree (e.g. Arthur et al., 2022). Utilizing history
of mathematics may be highly beneficial in mathematics
education. A  historical foundation may aid in
comprehending differences and linkages between fields,
transforming “the enormous corpus of knowledge” into
a “live stimulus” for teaching (Jahnke et al., 2022, p.
1429). In that thought, we combined elements from
open-ended problem solving and history of
mathematics. From the answers in our assessment
questionnaire and the interviews, it follows that the
open-ended task we gave has got the participants’
engagement, not only because of its originality, but also
because of the great historical journey through the ages.
In this specific issue, our research findings seem to
converge with similar research (cf. Arcavi et al., 1987;
Furinghetti, 2020).

Hundred fowls problem is a challenge that has
tormented the mathematical traditions of both Eastern
and Western civilizations for hundreds of years, and it
may serve as a symbol that brings peoples and cultures
closer together. At the same time, it emphasizes
mathematics’ complicated importance through its
connection with other sciences such as history, literature,
and technology. Apart from that, it seems to be of
particular interest to mathematics education. This
research could set the basis for a reframed new
curriculum, which would contain the problem solving
process and the topics of open-ended problems and
problems with historical background. This new

curriculum might give students the opportunity to
evolve their problem solving abilities, which could help
them apply them in their everyday problems and maybe
approach mathematics differently.

CONCLUSION

Following the conclusion of our research experiment,
several important results appear to emerge. We are
certain that we have a full picture (worksheets,
interviews, observer, feedback, monitoring the entire
process, controlled environment) of the participants’
reactions and strategies when faced with open-ended
tasks and apply numerous problem-solving
methodologies in the process. There were eight distinct
techniques or combinations of strategies in the 27 replies,
implying that the great majority, sooner or later,
employed the “trial and error” method to solve the
problem due to the “certainty” of finding a solution. The
results of our research also showed that problems from
the history of mathematics and open-ended problems
can really initiate the feeling of engagement in the
participants and probably help them to upgrade their
problem-solving skills. This research might open a
gateway for a formation of a new curriculum, containing
problems inspired by the history of mathematics, open-
ended tasks, and problem-solving in general.
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APPENDIX A: THE WORKSHEET

“The Hundred Amphorae Problem”

BN ' (<N
)0 7=

In the time of Diophantus (3*d century AD), in Alexandria, as in the whole Greek world, the main means of
transport and storage of goods such as olive oil, wine, cereals, etc. was the amphora. A workshop in Alexandria
made three types of amphorae. Type A cost five coins, type B cost three coins, while with one coin you bought three
type C amphorae. How many amphorae from each type, a total of 100, could one buy with 100 coins?
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APPENDIX B: THE QUESTIONNAIRE

The following questions are about the evaluation of the teaching intervention that took place this week
(Diophantine equations, the hundred amphorae problem, approaches and solutions etc.). The answers are
confidential, and their honesty will help improve the educational process.

INAITIE: ..o e
DIate: ..ot
1. This week’s two lessons were interesting:

O Not at all

O A little

O Quite

O Much

O Very much

2. Iwould like to encounter such problems as that of “hundred amphorae”, more often at university:

O Strongly disagree

O Disagree

O Neither agree nor disagree

O Agree

O Strongly agree

3. In one paragraph (approximately 100 words) please rate this week’s teaching intervention.
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