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ABSTRACT 
In order to promote the design of innovative instructional activities at the Linear 
Algebra, we perform a design-based research project to explore how to teach Linear 
Algebra at the university level. In this article, we present the results of three cycles of a 
teaching experiment that we carried out to design, try out, and improve a local 
instruction theory (LIT) on the teaching of the concepts of spanning set and span in 
Linear Algebra with first-year engineering students. In a retrospective analysis, we 
looked for patterns in the data set of all the experiments, and we identified key learning 
moment of the students. Based on these patterns, we formulated a LIT to support the 
construction of the concepts of spanning set and span. 

Keywords: emergent models, instructional design, linear algebra, local instruction 
theory 

 

INTRODUCTION 
To support teachers in the development of innovation-oriented instructional sequences, the development of local 
instructional theories is necessary (Nickerson & Whitacre, 2010). A local instruction theory (LIT) informs teachers 
about how innovative educational approaches work so that they can adapt them to their classrooms (Gravemeijer 
& van Eerde, 2009). 

Dorier and Sierpinska (2001) suggest that Linear Algebra teachers require suggestions about the structure of the 
knowledge they teach, in conjunction with a supply of good examples, questions, exercises, and problems. These 
teachers assess the documents that provide this, among which are the local instruction theories (LITs). For this 
reason, it is important to design these types of theories in this course. Larsen (2013) notes that a LIT describes how 
a specific subject of mathematics could be taught based on specific design principles. 

In this same sense, Gravemeijer (2004a) specifies that a LIT informs the teachers about the goals for learning, 
the instructional activities, and the tools (physical objects, symbols, or notation) that will be used and a hypothetical 
learning process conjectured in which anticipates how students' thinking and understanding could evolve when 
instructional activities are used in the classroom. 

The intention of developing a LIT is for it to be able to function as a frame of reference for teachers who wish to 
adapt the sequence of the instruction corresponding to their classrooms and personal objectives (Gravemeijer & 
Cobb, 2013). In this way, Gravemeijer (2004b) states that the LITs offer frames of reference that allow for the design 
of hypothetical learning trajectories (HLTs). Specifically, the idea is for teachers to use LIT to choose instructional 
activities and design HLTs for their students (Gravemeijer, 2004a). 

In the research literature, there are few examples of LITs (Nickerson & Whitacre, 2010). At the university level, 
a LIT has been built on the basic principles of the rate of change and speed (Doorman & Gravemeijer, 2009) and the 
group and isomorphism (Larsen, 2013). This reveals the need to contribute to the construction of LITs at the 
university level. For this, we have chosen the Linear Algebra course, because we want to help with its teaching and 
learning since it is a cognitively and conceptually difficult subject (Dorier & Siernpiska, 2001). 

https://doi.org/10.29333/ejmste/108648
http://creativecommons.org/licenses/by/4.0/
mailto:andrea.carcamo@uach.cl
mailto:cfuentealba@uach.cl
mailto:diego.garzon@correounivalle.edu.co


 
 
Cárcamo et al. / Local Instruction Theory for Spanning Set and Span 

 

2 / 16 
 

The concepts of spanning set and span were chosen to propose a LIT for Linear Algebra. These are essential 
because of their relationship with other topics in this course as the basis and dimension of a vector space (Stewart 
& Thomas, 2010). However, nature and type are thinking necessary to understand Linear Algebra (Dorier & 
Sierpinska, 2001) lead to students having difficulty learning these concepts. Carlson (1997) notes that students feel 
confused and disoriented when they begin the study of this type of content. Specifically, Nardi (1997) warns that 
students confuse the terms of spanning set and span, using them interchangeably. 

To support the construction of the spanning set and span, instructional activities are designed, which are a 
crucial ingredient of the LIT (Gravemeijer, 1998), considering the emergent models heuristic. Emergent models 
allow students to progress from informal mathematical activity to more sophisticated reasoning. This transition 
from informal mathematical activity to formal mathematical reasoning is associated with a change in the students’ 
thinking, which goes from thinking of the situation that is experientially real to him to a focus on mathematical 
relationships (Gravemeijer, 1999). 

A real-world situation has been chosen, which is the development of secure passwords used to evoke the 
problem of contextual knowledge and informal strategies (Gravemeijer, 1998). To solve this problem, mathematical 
modeling is used as a tool to help the study of mathematics (Julie & Mudaly, 2007). Also, the mathematical modeling 
cycle proposed by Blum and Leiss (2007) is considered for guiding students in solving the problem of developing 
strong passwords. 

The objective of this article is to propose a LIT for the concepts of spanning set and span on the basis of the 
results of three cycles of a teaching experiment. In particular, a LIT based on the emergent models heuristic and 
mathematical modeling to promote curricular innovation in Linear Algebra. This is because we agree with Lewis 
and Blunk (2012) that strong curricular support for teachers can result in a higher quality of mathematical 
instruction. 

THEORETICAL PERSPECTIVE 

Emergent Models Heuristic 
Emergent models are one of the main heuristics aimed at instructional design, and which can help 

designers/researchers to develop LITs. This heuristic is part of the theory of instruction known as Realistic 
Mathematical Education (RME), and it stands out because it helps students to build a mathematical reality by 
themselves that does not exist for them (Gravemeijer, 2007). This is done through a process of gradual growth 
where formal mathematics comes to the fore as a natural extension of their experience (Gravemeijer, 1999). In this 
way, emergent models are presented as an alternative to instructional approaches that focus on the teaching of 
ready-made representations (Gravemeijer, 2002); that is, they only transmit knowledge in a decontextualized way. 

The emergent models focus on the role they play in the individual learning of the students and the collective 
mathematical development of the community of the class. Each emergent model refers to the notion of a model that 
can come to the fore as a model of informal mathematical activity and can eventually become a model for more 
formal mathematical reasoning (Gravemeijer, 2004b). The term model is considered as a vehicle to promote and 
support progressive mathematization (Gravemeijer, 1994). The model can refer to a work environment or a verbal 
description, as well as the forms of symbolization and notation. As a consequence, the symbolizations that are 
embedded in the modeling process and that constitute the model can change over time (Gravemeijer, Cobb, Bowers, 
& Whitenack, 2000). 

The change from a model-of to a model-for coincide with a change in students' thinking, from thinking about 
the modeled situation to thinking about a focus on mathematical relationships. In this way, students gradually 
build a framework of mathematical relationships. The model begins to derive its meaning from this new framework 
of mathematical relationships and becomes more critical as a basis for more formal mathematical reasoning 
(Gravemeijer, 2002). In this sense, the model is first presented as a model of informal strategies that provide a frame 

Contribution of this paper to the literature 

• This research describes the development of a local instruction theory (LIT) at the university level, where 
there are few examples. 

• The LIT presented in this study is intended as a reference for teachers, researchers, and designers who wish 
to innovate Linear Algebra courses, as well as in other mathematics courses at the university level. 

• The actions of the teachers are incorporated into the LIT components mentioned by Gravemeijer (2004a). 
• The LIT presented in this article is the first LIT based on emergent models and mathematical modeling for 

the concepts of spanning set and span. 
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of reference for students. Over time the model gradually takes on a life of its own. The model becomes an entity in 
itself and begins to serve as a model for more formal reasoning (Gravemeijer & Stephan, 2011). 

For the transition from a model-of to a model-for, Gravemeijer (1999) details four levels of activity that do not 
involve any strictly ordered hierarchy, known as situational, referential, general, and formal. The situational 
activity involves students working toward the mathematical objectives through an experience that is real to them. 
The referential activity involves models of descriptions, concepts, and procedures that relate to the problem of 
situational activity. The general activity involves models to explore, to reflect upon, and to generalize about what 
appeared at the previous level, but with a mathematical focus on strategies, without making any reference to the 
initial problem. The formal activity leads students to reflect the emergence of a new reality in mathematics; 
therefore, it involves working with procedures and conventional notations. 

The emergent models heuristic does not indicate to instructional designers where to find appropriate models, 
but it does describe what an emergent model may seem like, what its characteristics are and how it works. In this 
way, the heuristic can help designers in their choice of models (Gravemeijer & Stephan, 2011). 

Mathematical Modeling 
Lesh and Caylor (2007) emphasize that statements of curricular norms, oriented toward the future, identify 

modeling as a subject that should receive attention. This is especially true in institutions that intend to prepare 
students for future professions and productive participation in dynamic societies. It is essential for citizens to be 
informed on the primary use of concepts to be able to model data and make sense of the graphics, diagrams, tables 
and other types of mathematical tools that are frequent in the media. 

We agree with Niss (2012) that the introduction of mathematical modeling in the classroom is necessary since 
there is no guaranteed transfer of knowledge and mathematical skills to knowledge and skills related to models 
and modeling. 

By introducing mathematical modeling in the classroom, it is expected that when students are confronted with 
problematic situations of interest, they will be able to explore ways to represent them in mathematical terms, 
explore the relationships that appear in those representations, manipulate and develop powerful ideas that can be 
channeled towards the mathematics that is desired to be taught (Lesh & English, 2005). 

In this study, an educational perspective of mathematical modeling is adopted (Kaiser & Schwarz, 2010). 
Mathematical modeling is a vehicle or a tool to help the study of mathematics that motivates students and provides 
a basis for the development of mathematical content (Julie & Mudaly, 2007). Also, to guide the students in the 
resolution of the modeling task proposed in this study, the modeling cycle proposed by Blum and Leiss (2007) is 
used. 

METHODOLOGY 
Design-based research (DBR) is the systematic study of the design, development, and evaluation of educational 

interventions such as programs, strategies and teaching-learning materials, products, and systems. Likewise, it is 
interested in finding solutions to complex problems in educational practice. This is done to advance the knowledge 
of the characteristics of these interventions, the processes of their design (or execution) or the validation of theories 
(Plomp, 2013). 

Regarding the DBR, Grameveijer (2004a) points out that “the core of this type of research is formed by classroom 
teaching experiments that center on the development of instructional sequences and the local instructional theories 
that underpin them” (p. 108). Also, he points out that the purpose of this type of research is to provide an 
empirically grounded theory on how researchers think that a specific set of instructional activities could work. 

In the DBR, Cobb and Gravemeijer (2008) specify that three phases are distinguished: (1) the preparation of the 
experiment; (2) the teaching of the experiment (experimentation to promote learning); and, (3) the retrospective 
analysis. In the second phase, interventions are carried out in the classroom, along with later iterations of three-
step cycles: design (design and formulation of hypotheses), testing (intervention in the classroom together with 
data collection) and reviewing (analysis of the data) with the purpose of reviewing and reformulating the 
hypothesis. 

Phase 1: Preparation of the Experiment 
The first phase included the elaboration of an HLT for the span and spanning set concepts of Linear Algebra, 

which implied that the elements of the HLT mentioned by Simon (1995) were specified: (a) the goal of the learning; 
(b) the hypothetical learning process; and, (c) the learning tasks. 
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The learning goal was for students to understand the concepts of generator set and generated space with an ad 
hoc designed instructional sequence based on the heuristics of emergent models and mathematical modeling. The 
hypothetical learning process and the design of the tasks of the HLT of cycle 1 of the teaching experiment (see Table 
1) was based on the theoretical framework of our study (emergent models and mathematical modeling); specific 
Linear Algebra textbooks (Lay, 2007; Grossman, 1996; Lipschutz, 1992); the difficulties students had with this course 
(Nardi, 1997, Carlson, 1997, 2004); and the results of research on teaching the learning of the concepts of spanning 
set and span (Ball et al., 1998, Kú, Trigueros & Oktaç, 2008; Kú, 2012; Wawro, Rasmussen, Zandieh, Sweeney, & 
Larson, 2012). 

The emergent models guided the design and structure of the HLT. Meanwhile, mathematical modeling was 
used as a teaching tool. In the design of the tasks of the HLT, following Drijvers (2003), a fundamental question 
was: What significant problems can promote cognitive development in line with the objectives of the HLT? To 
answer this question, we sought a problem that initially led the students to models-of this concrete situation, but 
that had the potential to become models-for new mathematical relations. 

For the preparation of the initial problem of our HLT, the characteristics of a modeling task according to 
Galbraith (2007) were taken into account; that is, consistency with a stated purpose and the introduction of real-
world modeling tasks. In our case, the objective was for the students to build a spanning set and span in a real-
world context. Likewise, the task that involved the use of the modeling cycle is from the real world and referred to 
the current environment of the participants of the teaching experiment. This was because it was inserted into the 
context of generating passwords, something that they must do on a daily basis to prevent their social networks or 
other web pages they enter from being entered into by strangers. 

Regarding the role of the teacher, the HLT was designed so that the teacher would play a proactive role during 
each cycle of the teaching experiment. In other words, the teacher establishing the appropriate culture of the class; 
choosing and presenting learning tasks; organizing group work; selecting the possible topics for discussion, and 
orchestrating them (Gravemeijer, 2004a). Therefore, it was assumed that the teacher would support the students in 
their process of building the generator set and generated space. The central actions of the teacher while applying 
the HLT in cycle 1 of the teaching experiment are shown in Figure 1. 

Table 1. Summary of the HLT applied in cycle 1 of the teaching experiment 
Hypothetical learning process Task and its description 
(a) The students, using their current knowledge of linear combination and its relation to vectors, 
construct an Rn vector with generic scalars. (b) From this construction, they obtain at least one example 
of a vector that arises from the application of the Rn vector. 

Task 1: To create a mathematical model 
that contains vectors and that allows for 
the creation of secure passwords. 

(1) Students coordinating their knowledge about sets and its notation, they describe two sets, A and G, 
from the vector of Rn with generic scalars that they constructed in task 1. (2) They describe analytically by 
extension the set A. This new set has the vectors that, when combined linearly with scalars, they obtain 
the vector constructed in task 1. (3) They describe by understanding the set G which has all the vectors 
that are generated when it is assigned values to the scalars of the vector constructed in task 1. (4) From 
the individual analysis of both sets, A and G, and from the relationships that students establish between 
these sets, they characterize the concepts of spanning set and span in terms of its cardinality, its 
mathematical notation and the inclusion of one over another. (5) They link the set A with the concept of 
spanning set, meanwhile the set G it is related with the concept of span. 

Task 2: To make an analogy table 
between their password generator and 
the concepts of spanning set and span. 

(a) Students coordinate the analytical notation associated with the spanning set and the span and 
recognize that the set B has the notation of a span while the set C corresponds to the notation of a 
spanning set. (b) Students coordinate the analytical notation and the cardinality of the spanning set and 
the span. They recognize that sets B and C do not have the same number of elements, because the set B 
represents a span (has infinite vectors), unlike of the set C that represents a spanning set (contains only 
three vectors). 

Task 3a: Determine whether sets  B and 
C (B=<(1,0,0),(0,1,0),(0,0,2)>, 
C={(1,0,0),(0,2,0),(0,0,1)} have the same 
number of elements. 

(a) Students coordinate the definition of spanning set and span, and they identify C = {(1,0), (0, -1)} as a 
spanning set of a space of R2. (b) Using the definition of the span, the students perform a linear 
combination with the vectors of the set C and generic scalars and match this linear combination with the 
vector (2, -3) to determine if these scalars exist. (c) Coordinating the span definition with the vector (2, -
3), that can be written as a linear combination of the vectors of set C, the students determine that this 
vector belong to the span generated by C. 

Task 3b: To establish whether it is true 
or false that the vector (2, -3) belongs to 
the span generated by C = {(1,0), (0, -1)} 
 

(a) Students coordinate the definition of the span and the representation of points in the Cartesian 
plane. They multiply by different scalars the vector of set A and represent in the Cartesian plane, the 
vectors obtained from those products. (c) Students observe the points represented in the Cartesian 
plane and using the graphical representation of a line, and they determine that the span generated by A 
correspond to a line. (d) Students coordinate the notation of the equation of a line and using the 
definition of the span; they write in analytic form the span of R2 generated by the set A = {(2,0)}. 

Task 3c: To represent graphically and 
analytically the span R2 generated by 
the set A = {(2,0)}. 
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Phase 2: Teaching Experiment 
The HLT is (re) designed, tested and reviewed in the phase of the teaching experiment. While some conjectures 

are generated and refuted, others are developed and tested (Gravemeijer & van Eerde, 2009). The exploration with 
new conjectures linked to the HLT, generally, are made by setbacks that occurred in the classroom, such as student 
strategies that had not been planned or tasks that were too difficult (Bakker & van Eerde, 2015).  

In our research, three cycles were executed in the phase of the teaching experiment (see Figure 2) in a Spanish 
university with first-year engineering students. Each cycle included an intervention in the classroom of five hours 
distributed into three sessions where the tasks defined in the HLT were worked on in groups (from 3 to 5 students). 

The assumptions about the starting points of the students, in each cycle of the teaching experiment, were that 
they understood the notion of vectors and had not previously worked with mathematical modeling or the concepts 
of spanning set or span. This information was provided by the teacher in charge of the course in each of the cycles 
of the teaching experiment. 

The primary source of data was the written protocols of the tasks developed by the students. This was 
complemented by video and audio recordings of the work of some group, interviews, and individual written 
evaluations from the students (made after the intervention in the classroom). The above is part of the typical data 
collection during the phase of the teaching experiment (Bakker & van Eerde, 2015). The data collected in each cycle 
of the teaching experiment is shown in Table 2. 

 
Figure 1. Main actions of the teacher while applying the HLT in cycle 1 of the teaching experiment. 

 
Figure 2. The three cycles of the teaching experiment carried out in our research. 
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Phase 3: Retrospective Analysis 
The retrospective analysis was designed to meet the objective of our study it relates to contributing to the 

disclosure of a process for making a LIT for concepts of spanning set and span of Linear Algebra. 
In phase 3 of IBD based on what is posed by Bakker and van Eerde (2015), the analysis of the interaction between 

the HLT and the empirical observations of each cycle was the foundation for developing the LIT of our research.  
In the IBD, two types of data analysis are necessary (Bakker & Van Eerde, 2015), the first analysis after each 

experiment teaching cycle, and, the second analysis of the entire investigation process; that is to say the more 
general cyclical process. Molina (2006) points out that the first of these, called the preliminary analysis, refers to the 
analysis of the data after each teaching experiment cycle and leads to decisions regarding future interventions, 
facilitating both the review and development of the study conjecture. Meanwhile, the global analysis delves into 
the whole process of experiment and data collected. This leads to the construction of a coherent history of the 
evolution of the LIT throughout all experimentation process. Thus, according to Gravemeijer and Cobb (2013), we 
can say that the results of the IBD are empirically grounded. Figure 3 shows a summary of the analysis process 
carried out in our research. 

The preliminary analysis, according to Bakker and van Eerde (2015), consists of comparing the data of the actual 
learning trajectory (ALT) with the conjectures of the HLT. This is because contrasting the HLT with the observed 
learning is helpful for the redesign process. 

The ALT is the learning process that performs; that is, which the students follow in the context of the 
implementation of instructional design (Leikin & Dinur, 2003). The ALT, according to Dierdorp, Bakker, Van 
Maanen and Eijkelhof (2011), is inferred from the data collected because it is not possible to detect the actual 
students’ learning explicitly. 

The ALT of the main tasks of the instructional sequence of each cycle teaching experiment was reconstructed 
following the steps below: 

• Data selection according to the objective of our study and the conjectures of the HLT. 
• Organization into tables of students' written answers and of the transcripts of audio and video recordings 

that were related to these responses. As Molina (2006) indicates, this grouping was beneficial to access the 
data because during the analysis process it was used at various times, to listen to recordings to determine 
more precisely how the students did a specific task in the classroom.  

Table 2. The data collected in each cycle of the teaching experiment 
Teaching 

experiment cycle 
Number of written 

protocols 
Number of recording in audio 

(N°. a) or video (N°. v) 
Number of individual 

evaluations 
Number of students 

interviewed 
1 
2 
3 

8 
14 
2 

Nº. a: 1 and Nº. v: 1 
Nº. a: 2 and Nº. v: 2 
Nº. a: 1 and Nº. v: 1 

22 
44 
7 

3 
3 
3 

 

 
Figure 3. Summary of the process performed in the retrospective analysis of our research 
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• Identification of regularities in each task concerning the types of answers given by the students and the 
difficulties encountered them.  

• Reconstruction of the ALT. 
Then, in each cycle of the teaching experiment, we compared the HLT with the ALT through the matrix of 

qualitative/quantitative data analysis (Table 3) formulated by Bakker Eerde (2015) which is an adaptation of the 
one formulated by Dierdorp et al. (2011). To this end, data were sought to support or refute the conjectures of the 
HLT. 

Columns 1, 2, and 3 of the matrix (Table 3) summarize the HLT, while columns 4 and 5 synthesize the ALT 
through of the written responses or extracts from transcripts in conjunction with the description of the results of 
the investigator. 

The last column of the matrix (Table 3) synthesizes how close the conjecture of the HLT was in relation with 
the ALT through a quantitative approach, which is symbolized by the signs"-", "+" and "±". The sign "-" is used 
when observations suggest that the conjectures of the of HLT were confirmed by a maximum of one-third of the 
students. The "+" sign is used in the time that the observations are suggesting that at least two-thirds of students 
ratified the conjectures of the HLT. Meanwhile, the sign "±" is used for intermediate cases, that is to say when more 
than one-third but less than two-thirds of students confirmed the conjectures of the HLT. 

In considering the results of the preliminary analysis, the conjectures of the HLT used in each cycle to start a 
new cycle of experiments were modified. An example of such an analysis can be seen Cárcamo, Gómez and Fortuny 
(2016), which disclose the results of the second cycle of the teaching experiment.  

In the overall analysis, we observed the three actual learning trajectories (ALTs) of the teaching experiment 
cycles in order to establish patterns or trends that would allow us to identify: the difficulties faced by students in 
the process of the building of spanning set and span, the construction that they achieved from these concepts, and 
the tasks of each HLT that promoted the development of these concepts. Furthermore, this analysis, as mentioned 
Gravemeijer and Cobb (2013), can allow for the generation of design ideas that go beyond those tested in the 
classroom. 

RESULTS 
The iterative refinement of the first HLT, through of the three teaching experiment cycles, showed us the tasks 

that give evidence to contribute to the construction of spanning set and span, as well as the construction by which 
students provide evidence of having mastered these concepts of Linear Algebra. Furthermore, it allowed us to 
identify the difficulties that the students had during the development of the tasks included in the HLT. All of these 
elements formed the foundation for the LIT which was developed in this study. 

Tasks that Favored the Construction 
In Table 4, we show the main common tasks of three the teaching experiment cycles, in addition to the tasks 

that were different in each of these cycles. These tasks listed in Cárcamo et al. (2016), Cárcamo, Fortuny and Gómez 
(2017), Cárcamo, Fortuny and Fuentealba (2018) all showed the results of cycles 1, 2 and 3 of the teaching 
experiment, respectively. 

Table 3. Data analysis matrix for comparing the HLT with the ALT 
Hypothetical learning trajectory (HLT) Actual learning trajectory (ALT) Match between HLT and ALT 

Task Description of the 
task 

The conjecture of how 
students would respond 

Extract of written 
or oral response Result 

The quantitative impression of 
how well the conjecture and 

actual learning matched 
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In Table 4, we see that the tasks 1 and 2 were presented to students from the 3 cycles of the teaching experiment. 
The results of these cycles the results match in that the task 1 allowed students to activate their preconceptions of 
vectors that are necessary for the construction of the concepts of spanning set and span.  

In Figure 4, we show the written response of a student of group 4 of cycle 1 where we observed that the student 
made use of the preconceptions vector because he wrote a vector of R3 as a mathematical model to respond to the 
task 1. 

Concerning task 2, the conclusions of cycle 1 (Cárcamo et al., 2016) and cycle 2 (Cárcamo et al., 2017) indicate 
that it promoted the students’ visualization of the concepts of spanning set and span in a real-world as well as a 
mathematical context. This gave them the opportunity to distinguish the connection with a real-world situation, as 
exemplified in a written response of a student from the group 12 of cycle 2 (Figure 5). This response is shown in 
the second column of two sets, E and B, which are linked to the names of spanning set and span correctly and have 
an interpretation in the context of passwords. 

Meanwhile, the results of cycle 3 (Cárcamo et al., 2018), regarding Task 2, match with previous cycles, but also 
highlight that it was important for students to continue to deepen their knowledge on spanning set and span since, 

Table 4. Summary of the main common and different tasks of the teaching experiment 
Main common tasks 
Task 1: To create a mathematical model that contains vectors and that allows for the creation of secure passwords. 
Task 2: To make an analogy table between their password generator and the concepts of spanning set and span. 
Main different tasks 
Cycle 1 Cycle 2 Cycle 3 
Task 3b: To establish whether it is true 
or false that the vector (2, -3) belongs 
to the span generated by C = {(1,0), (0, 
-1)}. 

Task 3: To determine whether the 
sets A, B and C generate to R2, that is 
to say if they are spanning 
sets of this space. 

Task 3. To conjecture on the value of the range 
of a matrix that has the vectors of a set of R2 as 
part of its rows, so that said set generates this 
span. 

  Task 4a. Given a span of R2, 
determine a spanning set for it. 

Task 4. To determine if set C={(1,0,0,1),(0,1,0,0)} 
is a spanning set of W={(x, y, z, w) / x = w}.  

 

 
Figure 4. Written response of task 1 provided by a student who participated in cycle 1. 

 
Figure 5. Written response of task 2 provided by a student of group 12 who participated in cycle 2. 
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with the use of an analogy table, they created an initial example in analytical register of both concepts. The latter is 
also observed in the second column of Figure 5. 

Also, in Table 4, we observed that there were variations in the tasks that came after the first two in each HLT. 
This is because of the difficulties identified in each cycle of the teaching experiment. In the case of cycle 1, the main 
difficulties detected were in the application of the concepts of spanning set and span, specifically, the questions 
relating to determining a span or plotting a spanning set R2. We believe this difficulty emerged because the students 
had not previously deducted the properties of spanning set and span. 

For this reason, we suggest rethinking task 3, because there are questions both of properties and of spanning 
set and applications of span (Cárcamo et al., 2016). This suggestion was incorporated into the HLT of the second 
cycle, so task 3 was redesigned and focused on the properties of these concepts of Linear Algebra. Furthermore, we 
add an individual task 4 on the applications of these concepts (Cárcamo et al., 2017). 

In cycle 2, we identified that the analytical representation of spanning set and span was the main difficulty 
(Cárcamo et al., 2017). To help the students overcome this difficulty, we proposed adding a task in cycle 3 in which 
the students work in groups on questions about the applications of spanning set and span, and then also 
individually on these questions. We believe this would help each student understand the analytical notation of 
these concepts. This suggestion was incorporated into the HLT third cycle. 

The results of cycle 3 gave evidence that students passed through the different levels of the activity of emergent 
models by solving the sequence of HLT tasks (Cárcamo et al., 2018). In Figure 6 a diagram linking the answers 
written by a student who participated in group 1 of cycle 3 with different levels of activity emergent models it is 
presented. 

 
Figure 6. Schema linking the written answers provided by a student from group 1 who participated in cycle 3 with the different 
activity levels of the emergent models. 
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The written answers by the student 1 (Figure 6) gave us indications that these tasks contributed to the 
construction of spanning set and span. For this reason, we think they should be considered in the LIT of our 
research. 

Construction of Spanning Set and Span 
The hypothetical learning process that led to the design of new tasks, and that was different in each HLT of the 

teaching experiment (Table 5), allows us to establish that the HLT applied in a subsequent cycle, required a greater 
cognitive demand of the students on the concepts of spanning set and span. 

The conjectures of the task 3a of cycle 1 asked the students to coordinate the mathematical notation of spanning 
set and span with the cardinality of each one of these to identify specific sets with some of these concepts. Also, 
task 3b of cycle 1 required the students to recognize the spanning set of specific space in its analytical record in 
order to determine if there was a linear combination with the vectors of said set that would allow for the creation 
of a given vector. In Figure 7, we presented an example response to the question 3b which shows that the student 
found scalars, 2 and 3, which allow for the creation of a linear combination with the vectors (1,0) and (0, -1) to obtain 
the vector (2, -3). 

Meanwhile, the conjectures of the tasks 3 of cycle 2 asked students to coordinate the mathematical elements 
related to the spanning set and span, and relate these concepts to deduce the idea that a spanning set of R2 if it has 
at least 2 linearly independent vectors. Also, the task 4a of cycle 2 required them to use the features of spanning set 
and span and its properties in other situations, for example, to determine a spanning set of a particular space. This 
is exemplified in the written response presented in Figure 8. In this written response, we observed that the student 
replaced conditions for vectors belonging to the set W and proposed a spanning set for W that is suitable. 

Table 5. Hypothetical process of learning the final tasks of each HLT used in the teaching experiment 
The hypothetical learning process of the final 
tasks of cycle 1 

The hypothetical learning 
process of the final tasks of 
cycle 2 

The hypothetical learning process of 
the final tasks of cycle 3 

(a) Students coordinate the analytical notation 
associated with the spanning set and the span and, 
they recognize that the set B has the notation of a 
span while the set C corresponds to the notation of a 
spanning set. (b) Students coordinate the analytical 
notation and the cardinality of the spanning set and 
the span, then they identify that sets B and C do not 
have the same number of elements, since B 
represents a span by what has infinite vectors, unlike 
C which represents a spanning set and which 
contains only three vectors (Task 3a). 

(a) Students coordinate the 
mathematical elements 
associated with the spanning set 
and the span for particular cases 
of sets in the context of R2. Then, 
they deduce that a set in R2 
generates a span R2 when it has 
at least two linearly independent 
vectors (Task 3). 

(a) Students coordinate the 
mathematical elements associated with 
the spanning set and the span 
(notation, cardinality, and inclusion) 
with the concept of a matrix range for 
particular cases. (b) They extend the 
observations of these particular cases 
to a general case, and they infer the 
property that the span can be 
generated by different sets and even, 
with different cardinality (Task 3). 

(a) Students are coordinating the definition of 
spanning set and span, and they identify C = {(1,0), 
(0, -1)} as a spanning set of a space of R2. (b) Using 
the definition of the span, they perform a linear 
combination with the vectors of the C-set and 
generic scalars and match this linear combination 
with the vector (2, -3) to determine if these scalars 
exist. (c) Students using the definition of the span 
and that the vector (2, -3), they can be written as a 
linear combination of the vectors of set C, they 
determine that the vector (2,-3) belong to the span 
generated by C (Task 3b). 

(a) Students coordinate the 
definitions of spanning set and 
the span together with their 
properties; then they determine 
how to obtain a spanning set 
given the span it generates. (b) 
Observing the characteristics of 
the given subspace of R4 and, 
using the definition of the span, 
they propose a spanning set for 
the subspace of R4 (Task 4a). 

Students use the definitions of both, 
spanning set and span, together with 
their properties, to determine if a 
specific set is a spanning set of a given 
span (Task 4). 

 

 
Figure 7. Written response of task 3b provided by the student 1 who participated in cycle 1. 
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Finally, the conjectures of the task 3 of cycle 3 asked students to coordinate the associated mathematical 
elements to the spanning set and span (notation, cardinality, and inclusion) along with the concept of matrix rank, 
from which they deducted the idea the span can be generated, and even different sets of diverse cardinality can be 
generated as well. This is exemplified in Figure 9. Here we see that a student from group 2 of cycle 3 coordinated 
the notation of the spanning sets of R2 with the concept of matrix rank, and from this, he wrote as a conjecture that 
"the matrix rank must be equal to 2 " for a set that contains the vectors of rows of the matrices can generate the 
space R2. 

Also, in a similar manner to cycle 2, in cycle 3 they were required to use the features of spanning set and span 
and its properties in other situations, including determining whether a certain set was a spanning set of a given 
space. In particular, they were asked to indicate whether C = {(1,0,0,1), (0,1,0,0)} was a spanning set for the space W 
= {(x, y, z, w) / x = w}. A student from group 2 correctly answered this question by stating that "it is not, because it 
is missing (0, 0, 1, 0)" (see Figure 10). 

 
Figure 8. Written response of task 4a provided by the student 3 of group 13 who participated in cycle 2. 

 
Figure 9. Written response of task 3 provided by a student of group 2 of HTL of the cycle 3. 

 
Figure 10. Written response of task 4 provided by a student of group 2 of HTL of the cycle 3 
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According to the results obtained in cycles 1, 2 and 3 of the teaching experiment, it is important to mention that 
each was evidence that the ALTs of at least some of the students, approached the conjectures of the HLT. In the 
results of the first cycle (Cárcamo et al., 2016) we observed that most students differentiate between spanning set 
and span, and also they verified whether a vector is belonging to a specific span (Figure 8). In the second cycle 
(Cárcamo et al., 2017) we found that many students made conjectures and some properties obtained from the 
spanning set of a specific space (Figure 9). In the third cycle (Cárcamo et al., 2018) we noticed that the students did 
the same as those from the previous cycles and could even determine if a set of R4 generated a subset of R4 (Figure 
10). 

CONCLUSION 
This research is intended to contribute to furthering the awareness of a process for making a LIT for the concepts 

of spanning set and span, based on the heuristics of emergent models and mathematical modeling. This proposal 
is critical for fostering curricular innovations in Linear Algebra. This LIT, as Larsen (2013) points out, describes a 
trajectory in which students can navigate the distances between a concrete example and the concepts of spanning 
set and span. 

The LIT that we presented in Table 6 comprises the components identified by Gravemeijer (2004a): the 
objectives for learning, the hypothetical learning process, the tasks, and the tools that will be used. Also, we 
incorporated the central actions of the teacher during the learning process of spanning set and span because we 
consider that it is an essential component in the educational planning. 

When presenting the LIT, we emphasize that it can serve as a tool to help the teacher regarding guiding the 
reasoning of his or her students towards the construction of certain mathematical concepts. At the same time, as 

Table 6. The LIT for the concepts of spanning set and span 
Objective and task Hypothetical learning process Tools Teacher actions 
Objective 1: Identify some 
difference between the spanning 
set and the span.  
Task 1: Create a password 
generator based on a linear 
combination. Then, determine two 
sets linked to the password 
generator with specific 
characteristics and determine 
some difference between these 
sets. 

(a) Students use their current knowledge of linear 
combination to construct a linear combination of Rn 
with generic scalars. (b) They provide at least one 
example of a vector that arises from the linear 
combination they built. (c) They coordinate their 
knowledge about sets and the linear combination to 
construct and describe two sets, for example, S and 
V. They describe S analytically by extension, and S 
have the vectors that allow the linear combination to 
be made. They describe V by understanding, and V 
contains all the vectors that are generated when 
giving values to the scalars of the linear combination. 
(d) They characterize the sets S and V regarding their 
cardinality, mathematical notation and, the inclusion 
of one over another. 

Vectors, linear 
combinations and, 
two sets of Rn (A and 
B) related to the 
mathematical model 
that are examples of 
spanning set and 
span. 

*The teacher tries that the 
students correctly use the 
concepts of vector and linear 
combination.  
*The teacher encourages 
students to use the mathematical 
modeling cycle to create a 
password generator.  
*The teacher verifies that the two 
sets of the password generator of 
the students correspond to a 
spanning set and span. 

Objective 2: Determine the 
characteristics of a spanning set 
and a span. 
Task 2: Students make an analogy 
table between their password 
generator and the concepts of 
spanning set and span. Then,  they 
observe the analogy tables of 
your classmates to establish 
characteristics of spanning set and 
span. 

(a) Students characterize the spanning set and the 
span regarding its cardinality and mathematical 
notation. (b) They look for the characteristics of the 
spanning set and span in the sets S and V. (c) They 
link the set S with the concept of spanning set, and 
the set V relate it with the concept of the span. (d) 
They observe the sets and the corresponding analogy 
tables of their classmates to describe spanning set 
and span regarding the elements that each of these 
sets contains. 

The sets A and B of 
Rn that are examples 
of spanning set and 
span, respectively. 
These sets were 
written by their 
classmates. 

The teacher introduces the 
definitions of spanning set and 
span relating these definitions to 
task 1. The teacher guides the 
students to characterize these 
concepts. 

Objective 3: Identify some 
properties linked to spanning set 
and span. 
Task 3: Conjecture properties 
about spanning set and span. 

(a) Students coordinate the mathematical elements 
associated with the spanning set and span (notation, 
cardinality, and inclusion) with the concept of a 
matrix range for particular cases. (b) They extend the 
observations of these particular cases to a general 
case and infer the property that the span can be 
generated by different sets, even with different 
cardinality. 

Rn sets different to 
the sets worked in 
the context of the 
passwords. 

The teacher formalizes the 
properties of spanning set and 
span. 
  

Objective 4: Apply the concepts of 
spanning set and span. 
Task 4: Apply the concepts of 
spanning set and span. 

Students, through their reflection and awareness of 
their activity and its effects, use the characteristics of 
spanning set and span together with their properties 
in other situations, such as determine if a specific set 
is a spanning set of a particular span. 

Sets of Rn different 
to the sets worked in 
the previous tasks. 

The teacher guides the students 
in the resolution of the problems. 
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pointed out by Nickerson and Whitacre (2010), the teacher must be aware of and be open to other models of 
reasoning that can be as valid as those proposed in the LIT. 

A LIT, without doubt, can serve as a frame of reference for teachers to build their own learning trajectories for 
their students. However, we want to emphasize and reiterate what Beer, Gravemeijer and van Eijck (2017) point 
out in that our proposed LIT “is not intended as a ready-made product, but as a potential viable theory for other 
researchers, educational designers, and maybe teachers to develop a learning trajectory” (p. 463) on span and 
spanning set adapted to their situation. 

The LIT presented in this research takes as its starting point in the context of creating password vectors. This 
required students to make use of their previous conceptions of vectors. Then, they were given an initial 
familiarization of spanning set and span through an analogy table where they wrote two sets referring to the context 
of the passwords, but which were examples of spanning set and span (See Figure 6). For the students, these two 
sets were models-of (Gravemeijer, 1999) the work done in the context of passwords and vectors. 

Perhaps the most critical change in the students’ activity occurred when they made the transition to link 
spanning set and span in the context of passwords to more general activity (Gravemeijer, 1999), as is the case for 
the conjecturing of the properties of these concepts (Figure 9). Then, students progressed to a level of more formal 
activity (Gravemeijer, 1999)  when applying spanning set and span to routine tasks, which involved, for example, 
their determining a spanning set (Figure 8) or determine if a set generated a specific space (Figure 10). 

Our research suggests that this LIT based on emergent models and mathematical modeling contributes to the 
construction of spanning set and span. The use of mathematical modeling helped students to make use of their 
previous concepts of vectors (Figure 4), and then to link the concepts of spanning set and span in a real-world 
context, as was the case for the passwords (Figure 5). These two tasks linked to a real context, we believe, help 
students to avoid feeling confused or disoriented when they start studying these concepts of Linear Algebra 
(Carlson, 2004) and to avoid being confused (Nardi, 1997). 

Moreover, the emergent models (Gravemeijer, 2004b) guided the students to advancing from their previous 
conceptions to the formal reasoning of the spanning set and span. In Task 1, students were only required to use 
their previous conceptions of vectors (Figure 4). In Task 2, they identified characteristics of spanning set and span 
to relate to the context of passwords (Figure 5). In Task 3, students made conjectures about the concepts they were 
building, and as a result of this, they related them with other definitions, such as matrix rank (Figure 9). Finally, in 
task 4, the students solved problems that were not algorithmic, where they gave evidence of their understanding 
of spanning set and span (Figure 10). 

We agree with Larsen (2013) that the central purpose of LIT should be to support the design of an instruction 
sequence for a given context. We hope this LIT will serve as a model for the building of the spanning set and span 
and to develop local instruction theories of other content in other classroom settings. Also, we hope that this LIT 
allows changes to the way these concepts of Linear Algebra and other contents of this course are taught. This is 
because this LIT is based on emergent models and mathematical modeling, which allows the teaching of Linear 
Algebra from a situation that is real to the student, and not in an abstract manner. 

On the other hand, we consider that a limitation of our LIT proposal is the time that should be allocated to be 
applied in the classroom (about five hours) because we know that, in many cases, the teacher does not spend more 
than two hours teaching these concepts of Linear Algebra. However, we believe that the teacher should reflect on 
how valuable it is for students who not only learn the concepts of span and spanning set but also, they can develop 
skills related to mathematical modeling that are important, so Lesh and Caylos point out (2007), so that these 
students have a productive participation in the dynamic society in which they find themselves. 
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